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Abstract. Since 1996 incoherent scatter F region plasma drift measurements at Jicamarca 
have been implemented using a new signal processing approach replacing the traditional 
pulse-to-pulse correlation method. The new method, based on Doppler spectrum estimation 
and nonlinear least squares fitting to model spectra obtained from incoherent scatter theory, 
improves the instrumental sensitivity remarkably under low signal-to-noise conditions. With 
the new method it has become possible to obtain very high quality drifts data at nearly all 
hours of the day throughout most F region heights. Altitudinal smoothing of the drifts data 
to reduce measurement noise is no longer necessary, and studies of the height variations of 
drifts can be performed with much greater certainty than before. Small-amplitude gravity 
wave oscillations have been detected at F region heights and a vortical circulation of the F 
region plasma has been observed in the post sunset period. 

1. Introduction 

Measurements of ionospheric plasma drift velocities 
constitute one of the primary uses of incoherent scat- 
ter class radars. At the Jicamarca incoherent scatter 

radar located near Lima, Peru, the E x B component 
of F region plasma drifts is measured directly by em- 
ploying a pair of radar beams pointed perpendicular to 
the geomagnetic field B at F region heights. Since F 
region plasma drift velocity perpendicular to B is pure- 
ly E x B/[BI 2, and does not directly depend on ther- 
mospheric wind U, this procedure enables unambigu- 
ous determination of the ambient electric field vector 

E in the reference frame of the ground. The beam di- 
rections employed in these measurements offer another 
advantage: Since F region plasma density fluctuations 
responsible for the scattering into radar beams point- 
ed perpendicular to B are necessarily field aligned, the 
correlation time of the received radar echoes is deter- 

mined by the relatively long lifetimes of field aligned 
fluctuations that cannot readily diffuse across the mag- 
netic field lines. With long signal correlation times, 
signal processing required for drift velocity estimation 
can be performed on a "pulse-to-pulse" basis, eliminat- 
ing the need for double-pulse or multipulse procedures 
practiced elsewhere. Pulse-to-pulse analysis results in 
significant reductions in statistical estimation errors of 
drift velocities derived from noisy correlation phase da- 
ta. Furthermore, self-clutter is eliminated, and drift 
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measurements are not affected by systematic "chirp er- 
rors" that may arise in multipulse applications. 

The uncertainties in F region E x B line-of-sight drift 
estimates obtained at Jicamarca with the pulse-to-pulse 
correlation method outlined above (see the original de- 
scription by Woodman and Haglots [1969] for more de- 
tails) can be as low as about 2 m/s (or 50/•V/m in terms 
of equivalent electric field) when the radar is operated 
to provide 5-min time and 15 km height resolutions. 
Consequently, the high-precision F region drifts data 
collected at the Jicamarca Radio Observatory over the 
past 2 decades constitute a very accurate and unique 
information source concerning the electrodynamics of 
the low-latitude ionosphere. The database is one of the 
primary resources used for studies of seasonal and solar 
cycle variations in equatorial electrodynamics, as well as 
the response of the low-latitude ionosphere to magneto- 
spheric forcing [e.g., Fejer, 1991; Fejer and $cherliess, 
1995]. The vertical component of equatorial E x B drift 
monitored at Jicamarca has also been identified as the 

single most crucial input parameter required by the low- 
latitude ionospheric models for predicting the behavior 
of the ionosphere up to the anomaly region [e.g., Preble 
et al., 1994], and possibly forecasting the occurrence of 
equatorial spread F [e.g., Decker and Anderson, 1995]. 

The purpose of this paper is to report and describe 
some recently introduced changes in Jicamarca E x B 
drift estimation procedure. The changes were intro- 
duced to remedy a particular shortcoming of the orig- 
inal pulse-to-pulse correlation procedure described by 
Woodman and Haglots [1969]. The shortcoming con- 
cerns the use of correlation phase estimates obtained 
only at a single time delay equal to the radar inter- 
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pulse period (IPP). This practice of effectively discard- 
ing the information contained in correlations at multi- 
ple IPP delays (dictated originally by the limited com- 
puting power available in the early days) unnecessarily 
limits the high-precision performance of the measure- 
ments to large signal-to-noise ratio (SNR) conditions 
[e.g., Woodman, 1985]. Precise drift estimates are only 
available from altitudes in the vicinity of the F region 
density peak (where SNR• 1), and altitudinal variations 
of drifts are difficult to study since data quality dete- 
riorates above and below the F region peak (SNR•I). 
Also, the quality of nighttime data, and, particularly, 
zonal drift data obtained by differencing line-of-sight 
drift estimates corresponding to east and west direct- 
ed radar beams, suffers substantially as a result of re- 
duced F region plasma densities after sunset. The re- 
vised procedure to be described here makes use of the 
information contained in signal correlations at multi- 
ple IPP time lags, and, as a consequence, extends the 
high-precision performance of the original procedure of 
Woodman and Haglots [1969] to low SNR conditions 
and therefore to nearly all F region altitudes at all 
times of the day. With the revised procedure, we find 
line-of-sight drift uncertainties as small as •0 0.5- 1.0 
m/s with SNR values as low as •0 0.1. Nighttime zonal 
drift data, which were previously very noisy even after 
smoothing over all ionospheric heights, now exhibit re- 
markably small error bars at each resolved range gate 
of 15 km depth throughout most of the F region. 

Correlated errors between ACF phase estimates ob- 
tained at different time lags [e.g., Woodman, 1985] make 
an ACF or lag domain revision of the original proce- 
dure somewhat cumbersome to implement. Such dif- 
ficulties were avoided in our new approach by trans- 
ferring the signal processing task into the spectral or 
frequency domain. Given the Fourier transform pair re- 
lation between the signal ACF and the frequency spec- 
trum, transformation from ACF to spectrum domain 
preserves the information content of the data. The ad- 
vantage of the transformation is that estimation errors 
in the spectrum are independent between different fre- 
quency bins. 

Very briefly, the new procedure consists of Doppler 
frequency spectrum estimation with time series con- 
structed using coherently detected radar returns from a 
series of consecutive pulse transmissions, and then least 
squares fitting of the spectrum to a model spectrum de- 
rived from incoherent scatter theory. The first step is 
identical with the spectral estimation step used in the 
analysis of coherent radar backscatter. It can be per- 
formed efficiently using the 2V-point FFT algorithm to 
produce periodograms from N-point time series of re- 
turn samples, followed by averaging of the periodograms 
to reduce statistical errors. The Doppler spectrum of 
incoherent scatter returns from nearly field-aligned den- 
sity fluctuations turns out to contain a sharp peak at a 
Doppler shift corresponding to the line-of-sight drift ve- 
locity component of the probed plasma. The sharp peak 
is of course the frequency domain manifestation of the 

long correlation times associated with field aligned fluc- 
tuation components, and its Doppler shift scales nat- 
urally with the slope of the phase of the signal ACF. 
Least squares fitting to the proper model, the final step 
of the procedure, represents optimal means of deter- 
mining the value of the shift with least statistical error. 
The new procedure is certainly computationally more 
expensive than the original one, but the additional com- 
putations, quite affordable nowadays, are well worth the 
efforts as will be demonstrated in the paper. 

The paper is organized as follows: Section 2 pro- 
vides a brief review of the theory of nearly field aligned 
plasma density fluctuations in a magnetized ionospher- 
ic plasma in thermal equilibrium. In section 3 we de- 
scribe the experimental procedure with an emphasis on 
the effect of the utilized antenna beam patterns on the 
Doppler spectrum of incoherently scattered radar sig- 
nals. In section 4, we describe in more detail the new 
procedure outlined above, and contrast its performance 
with the performance of the original method. In section 
5, we present sample experimental results obtained us- 
ing the new procedure. Further examples are included 
in two companion papers, to be referred to as papers 2 
and 3. Paper 2, Kudeki and Bhattacharyya [this issue], 
presents results of F region drift measurements conduct- 
ed with the new procedure during evening hours and 
the postsunset time period. Data presented in paper 2 
demonstrate very dramatically the increased sensitivity 
obtained with the new procedure and provides evidence 
for the existence of a postsunset vortex in F region E x B 
drifts that has not been previously detected in earlier 
drift experiments. Paper 3, Bhattacharyya et al. (The 
angular spectrum of F region incoherent scatter radar 
returns at small magnetic aspect angles, to be sub- 
mitted to Journal of Geophysical Research, 1999, here- 
inafter referred to as Bhattacharyya et al., 1999), de- 
scribes simultaneous measurements of self-spectra and 
east-west and north-south baseline cross-spectra of F re- 
gion backscatter from nearly field-aligned density fluc- 
tuations and describes our efforts in trying to estimate 
ionospheric temperatures simultaneously with plasma 
drifts. 

2. An Overview of the Theory of 
Nearly Field-Aligned Equilibrium 
Density Fluctuations 

There exists a well-established and rigorously tested 
theory of density fluctuations in a magnetized F region 
plasma in thermodynamic equilibrium. Throughout the 
paper we will refer to the theory as "incoherent scatter 
theory," as it forms the theoretical basis for understand- 
ing and modeling ionospheric incoherent scatter radar 
experiments. In this section we summarize pertinent 
aspects of the theory for the present work. 

Consider a magnetized quasi-neutral F region plasma 
consisting of electrons and one species of positive ions 
with equilibrium number densities 2V, electron and ion 
temperatures Te and Ti, collision and gyrofrequencies 
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Figure 1. Incoherent scatter Doppler spectra for 
c• - 30 ø, 60 ø, 90 ø are shown in a superposed form. The 
curves represent an O + plasma with Te - Ti - 1000 K 
and a radar carrier frequency of 50 MHz and are essen- 
tially indistinguishable at the scale of the plot. 

•e,i and •e,i, and masses me,i. Let h - v/KTeeo/Ne 2 
denote electron Debye length, Ce,i = v/2KTe,i/me,i 
electron and ion thermal speeds, re - e2(4•reomec•) -• 
the classical electron radius, • - T•/Ti, and %,i = 
tan-•(•,i/2•,i). Above, K stands for Boltzmann con- 
stant, e is electronic charge, and c and eo are speed of 
light and permittivity in free space. A rescaled version 
of k- w spectrum for equilibrium density fluctuations 
is then [Farley, 1966] 

(k, J, (k, 

+ + c.c., 
which equals the differential backscatter radar cross sec- 
tion • (wo + w)dw for a radar with a carrier frequency 

- clkl/- and a beam pointing direction k/k 
that deviates from perpendicular to geomagnetic field 
B by an angle a. Above, y•,i(k, w) - j + wJ•,i(k, w) s- 
tand for normalized electron and ion admittances [e.g., 
Farley, 1966] and Je,i(k, •) •re temporal Fourier tr•ns- 

e-X•, • , describing, for t • 0, for•s of functions u(t) • (•,t)/• 
the time evolution of the amplitudes of electron and ion 
density waves with wavevector k within a hypotheti- 
cal plasma with noninteracting electrons and ions [e.g., 
Woodman, 1967]. In the absence of collisions, kinetic 
theory derivation of Farley [1966] leads to 

[sin + sin = 5 t (5 
while using a Fokker-Planck type collision operator, 
Woodman [1967] finds 

,i •e,i -- sin"a+ 
2 

k2C•,i Ye,i 

COS 2ffe,i • Ye,it -- e -v"t COS(•e,it -- 2fie,i) COS2 a (3) 2 2 

lZe , i -I'- • e , i 

for the/• - 1 case. These expressions for X•,i are iden- 
tical in the limit ye,i -• 0 and the case of field aligned 
fluctuations corresponds to the limit ct -• 0. 

For the magnetized F region plasma with ye,i (( f•e,i 
the shapes of as (Wo + w) curves computed with the col- 
lisionless model (2) have been experimentally validated 
for the large ct case. However, for small c• the resonance 
peaks in e -x•(k't)/•predicted by (2) at integer multi- 
ples of gyroperiod 27r/f•i are damped and eliminated by 
collisions when yi/f•i • f•(kCi)-•/2• '. Comparisons 
between collisional and collisionless models (3) and (2) 
show that in that regime pertinent for F region plas- 
ma a•(Wo + w) computations can be carried out using 
the collisionless model (2) after truncating e -x•(k't)/• 
at t = •'/f•i and assuming Ye = 0 (see paper 3 for a 
discussion of the effects of non-zero re). 

Families of as (Wo + w) curves corresponding to large 
and small values of "magnetic aspect angie" ct are 
shown in Figures 1 and 2. Each curve represents the 
expected Doppler spectrum shape in an incoherent 
scatter radar experiment conducted with a beam point- 
ing direction deviating from perpendicular to B by an 
angle ct. The curves were computed as outlined above 
assuming a radar carrier frequency (Wo/2•') of 50 MHz 
and an O + plasma with Te = Ti = 1000 K. The hor- 
izontal axes are labeled in equivalent Doppler velocity 
units appropriate for a 50-MHz radar and the spectral 
curves are shown only over positive Doppler velocities. 
Spectral amplitudes are in arbitrary units, but the rel- 
ative amplitudes of spectra corresponding to different 
ct values preserve the correct ratios prescribed by the 
theory. Similar curves are shown in Figures 3 and 4 
for the Te = 2000 K and Ti = 1000 K case. Figures 2 
and 4 show that as ct decreases, the spectra get narrow- 
er and taller. Therefore the expected signal spectrum 
for an incoherent scatter radar pointed perpendicular 
to the geomagnetic field will be narrow and easy to de- 
tect, but the exact shape will deviate from any one of 
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Figure 2. Same as Figure 1, but for ct = 
0.005 ø , 0.01 ø , 0.015 ø , 0.02 ø . The tallest curve corre- 
sponds to c• - 0.005 ø and the broadest curve to ct - 
0.02 ø . 
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Figure 3. Same as Figure I but for Te - 2Ti - 2000 
K. 

the curves shown above because of a finite beam width 
effect discussed in the next section. 

The curves for • greater than a few degrees are fair- 
ly independent of • and constitute the familiar "ion 
line" component of the incoherent scatter spectrum. 
The width of the ion line scales with ion thermal speed 
Ci, and information concerning electron temperature is 
contained in depth of the spectral valley centered about 
a• - 0. The curves for • less than a fraction of a degree 
should be less familiar to most readers, as the corre- 
sponding corner of • space cannot be probed by the 
existing incoherent scatter radars with the exception 
of Jicamarca and Kwajalein. In this regime, spectral 
width scales with the product of electron thermal speed 
Ce and sin •, and the valley depth near a• - 0 is now 
a measure of the ion temperature. For purposes of dis- 
cussion, we will refer to small • spectra exhibiting these 
properties as "electron line." In the limit c• -• 0, or as k 
approaches the perpendicularity to B, electron guiding 
center motions in the direction of k come to a halt in 

the reference frame of the plasma, explaining why in the 
same limit the incoherent scatter spectrum turns into 
the electron line, and in turn why the electron line itself 
approaches a Dirac delta at exact perpendicularity. 

We note here that in numerical computations re- 
quired to construct the spectral curves for arbitrarily 
small • (• - 0 computations are unnecessary since its 
Dirac delta idealization is known) we have used an effi- 
cient chirp-Z transform method [Li et al., 1991] that 
allows flexibility in adjusting the a• values to evalu- 
ate J•,i(k, a•) fairly independent of the time sampling 
scheme applied on X 2 .(k t) The use of this method e• • ' 

eliminates the need for excessively long FFT's for per- 
forming so called Gordeyev integrals J•,i(k, a•). 

3. Experimental Setup for Drift 
Measurements and Spectral Models 

F region drift experiments at Jicamarca are usually 
performed using a pair of radar beams pointed perpen- 

dicular to B and approximately 2.5 ø to the east and 
west of the geomagnetic meridional plane. The use of 
two beams with 2.5 ø opposite offsets allows simultane- 
ous detection of zonal as well as nearly vertical E x B 
drift components by appropriate combinations of line- 
of-sight drift estimates obtained with each of the beams. 
Figures 5 and 6 show contour plots of the two-way 
beam patterns associated with the two beams in a di- 
rection cosines coordinate system with the x and y axes 
directed along the two orthogonal edges of the Jicamar- 
ca antenna array. Geomagnetic north corresponds to 
the top of the figures, but approximately horizontal 
st, raight line contours included in the figures convey a 
more accurate picture concerning the magnetic config- 
uration of the experiments. The straight line contours 
represent the loci of zero magnetic aspect angle, i.e., 
c• - 0, realized at different distances from the antenna. 
These have been computed using the IGRF95 geomag- 
netic field model for the 1997 epoch. Notice that ze- 
ro aspect angle contours at distances corresponding to 
F region heights pass approximately through the main 
beam contours in each case. The angular separation 
between the main beams depicted in Figures 5 and 6 
is approximately 5 ø, corresponding to the 2.5 ø offsets 
mentioned above. Two beams are deployed simultane- 
ously in the experiments using the two orthogonal linear 
polarizations of the Jicamarca antenna array. Therefore 
the "west" and "east" beam data would be perfectly 
decoupled if it were not for Faraday rotation and re- 
lated magnetoionic polarization change effects, and in 
fact they are only very weakly coupled as such effects 
are quite negligible for small values of magnetic aspect 
angles monitored by both beams. 

We shall next briefly describe the radar experiment 
parameters typically used in drift measurements and 
then focus on the impact of finite beam widths around 
a - 0 contours. The measurements are conducted with 

a 6.66 ms IPP, and 3-baud Barker coded transmitter 
pulses with a total width of 300 /•s and baud width 
of 100/•s to provide a nominal range resolution of 15 
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Figure 4. Same as Figure 2 but for T• - 2Ti - 2000 
K. 
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.% 

Figure 5. Ellipsoidal contours depict the two-way gain function for the antenna beam pointed 
to the west. The contour levels indicate 23, 13, and 3 dB sensitivity below maximum. The top 
corresponds to geomagnetic north. Straight line contours are loci of c• = 0 at 200, 300, 400, 500, 
and 600 km ranges. Contour line closest to the origin corresponds to 200 km loci and the farthest 
one to 600 km loci. Direction cosines are defined as (•x --- sin (• cos •b and (•y -_- sin t)sin •b, where (• 
and •b are the standard zenith and azimuth angles used in spherical coordinate descriptions. t) -- 0 
indicates the direction perpendicular to the Jicamarca antenna array plane (-12.88 ø declination 
and 4min37s west hour angle), and •b = 45 ø corresponds approximately to geomagnetic east 
direction. 

km with decoded returns. The receiver bandwidth is 

matched to the bandwidth of the transmitted pulse. Re- 
turns are sampled every 15 km starting at 45 km over 
60 range gates, reaching up to a maximum range of 930 
km. F region incoherent scatter theory as described 
in the previous section is pertinent for samples taken 
at 210 km range and higher up, as returns from lower 
range gates include coherent scatter from the 150 km 
region [Kudeki and Fawcett, 1993], equatorial electrojet 
[Fejer and Kelley, 1980], and the mesosphere. 

Figures 7 is similar to Figures 5 and 6, but it portrays 
the beam and aspect angle geometries in a slightly 
different fashion. First, the two-way gain patterns of 
both east and west beams are shown, and second, the 
straight line contours now correspond to the loci of d- 
ifferent a values in I deg steps at a fixed radar range 
of 300 km. The main purpose of Figure 7 is to clar- 
ify how the east and west beam experiments will be 
impacted by the a dependence of the incoherent scat- 
ter spectrum. Clearly, there is suiticient variation of a 
within both beams to necessitate further calculations 

to obtain the expected shapes of backscattered signal 
spectra. As shown below, the required computations 

effectively amount to beam weighted superpositions of 
a dependent theoretical spectra shown in the previous 
section. The procedure will also take into account fre- 
quency aliasing that is expected to occur in measured 
spectra due to broad ion line contributions leaking from 
large a regions within the radar beams. 

The expected value of the signal spectrum estimator 
can be written as 

where 

(IV()l 
s(co) - NSt ' (4) 

N-1 

- at 

is the discrete-time Fourier transform of decoded N- 

point signal time series v(nSt) obtained at 5t intervals 
equal to the IPP. Above, the angular brackets indicate 
ensemble averaging, but the use of time averaging to 
replace ensemble averaging also provides us with our 
spectral estimator used with the real radar data. With 
the data we use the FFT algorithm to implement (5) 

~ 

and therefore obtain estimates S(q&o) of S(co) at dis- 
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Figure 6. Same as Figure 5, but for the east directed antenna beam. 
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Figure 7. Straight line contours corresponding to different values of c• at 300 km range illustrate 
how magnetic aspect angle varies within the east and west directed antenna beam gain functions. 
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Figure 8. Beam-averaged 50-MHz incoherent scatter 
ACF function for O + plasma at Te = Ti = 1000 K, 
normalized to a peak value of unity. The west beam 
shape depicted in Figure 7 has been used. 

crete Doppler bins • = qS•, where 5• = 2•r/NSt and 
q e I-N/2, N/2- 1]. A typical value used for N is 64. 

Substituting (5) into (4), the latter can be rewritten, 
after straightforward manipulations, as 

S(q&u) - 

N-1 

5t Z [T(p)R(pSt)+T(N-p)R*(NSt-pSt)] e --j2•'pq/N, 
p--O 

where T(p) - I -Ipl/N denotes a triangular weighting 
function, and 

R(pSt) - (v* (nSt)v(nSt +pSt)) (7) 

is the autocorrelation function (ACF) of coherently de- 
tected radar return signal. Next we use in (6) the beam 
weighted ACF model for R(pSt) originally developed 
by Woodman and Hagfors [1969]. The ACF model 
has been obtained by substituting into (7) the standard 
Born approximation model for the scattered signal v(t) 
[e.g., Woodman, 1991]. The scattered signal model sim- 
ply represents a spatially weighted integral of time and 
space dependent electron density fluctuations, and the 
result of manipulating (7) in the described manner leads 
to 

R(pSt) - / df• Ig(0, p•(pSt) (8) 
under the assumptions of stationarity and homogene- 
ity of the fluctuations and a few well justified approxi- 
mations which will be clarified later on (specifically, in 
paper 3). This result is the solid angle integral of densi- 
ty fluctuation ACF p•(pSt) at aspect angle c• and time 
lag pSt weighted by the two-way antenna gain function 
Ig(O, depicted in Figures 5 and 6. ACF's p•(pSt) 
are obtained by Fourier transforming a•(U•o + u•) func- 
tions discussed in the previous section from u• domain 
onto a pdt grid in the lag domain. 

Figures 8 and 9 show computed curves of R(•-) for 
0 ( •- ( 4.33 ms and over the actual pSt grid perti- 
nent for the described experiments, respectively. For 
the computations we have assumed an O + plasma with 
Te = Ti - 1000 K, and used the two-way pattern of the 
west directed beam depicted in Figure 5. Also, c• vari- 
ation with • and •b was specified as a linear function of 
direction cosines Ox = sin • cos •b and Oy = sin • sin •b 
compatible with the constant c• contours at 300 km 
range shown in Figure 7. The curve in Figure 8 closely 
matches an equivalent figure shown by Woodman and 
Haglots [1969], and Figure 9 focuses on the extension 
of the curve to large time lags of importance in our 
present approach. Notice that in Figure 9 R(pSt) varies 
approximately oc p-•. For the sake of completeness 
we also include, in Figure 10, a family of p•(z) curves 
corresponding to different values of c•. This figure al- 
so replicates a diagram given by Woodman and Hag- 
fors [1969], but of course it has been constructed with 
brand new calculations. Identical curves apparent in 
both papers should be regarded as a validation of the 
new theoretical codes generated for the present work. 

Finally, utilization of beam weighted ACF functions 
such as the one shown in Figure 9 in formula (6) pro- 
vides us with beam weighted radar signal spectra ex- 
pected for the east and west directed beams. Figures 
11 and 12 display families of such curves for the two 
beams over a range of Te - Ti values. Another set is 
displayed in Figure 13 for the west beam scanning a 
range of Te = 2Ti values. All the curves included in 
the figures corresponding to realistic as well as unreal- 
istic temperature values include a sharp peak centered 
about the zero Doppler bin. The peak is caused by the 
narrow electron line contributions from small c• regions 
while the broad pedestal upon which the peak stands is 
due to severely frequency aliased ion line contributions 
falling within the Nyquist interval. Line-of-sight drift 
velocity of the plasma in drift experiments can clear- 
ly be estimated by identifying the sharp feature in the 
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Figure 9. Same as Figure 8, but showing the ACF vari- 
ation over all time delays pSt involved in the formation 
of 64-point Doppler spectra used in this study. 
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Figure 10. The 50MHz incoherent scatter p•(•-) curves 
for c•- 13.6 ø 3.4 ø 1.? ø 0.84 ø 0.56 ø , 0.34 ø 017 ø , 
0.08 ø, 0.05 ø, 0.033 ø, and 0.0 ø aspect angles and O + 
plasma with Te - Ti - 1000 K. 

measured spectra and determining its shift along the 
Doppler axis using suitable statistical methods. In the 
next section we present samples of measured Doppler 
spectra obtained during drift experiments and describe 
the method used in estimating the Doppler shift of the 
observed peak. 

4. Revised Drift Estimation Procedure 

in Use at Jicamarca 

Solid line plots in Figures 14-16 represent samples 
of measured Doppler spectra obtained from F region 
heights. All the spectra represent 5-min time averages 
and have been obtained using the spectral estimator 
described in the previous section. All of them exhibit 
a Doppler shifted version of the narrow peak predicted 
by the theoretical model spectra. Of course, the curves 
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Figure 12. Same as Figure 11, but for the east directed 
beam. 

also contain statistical estimation errors manifested by 
the "grass" superimposed upon the smooth theoretical 
curves of the previous section (such as the dashed curves 
also shown in Figures 14-16), and it is the presence of 
these deviations from theoretically expected forms that 
necessitates some care in determining the Doppler shift 
of the observed peaks. 

The proper procedure is to seek the best fit between 
the measured spectrum and all possible smooth curves 
of the type shown in Figures 11-13 and their shifted and 
rescaled replicas. The frequency shift of the smooth 
curve that leads to minimum mean squared difference 
with the measured spectrum is the most likely value of 
the Doppler shift of the received signals. Quantitative- 
ly, the "least squares" fitting procedure we have just 
described can be implemented by minimizing 

Z (,.•(q&u) - S(qSlm)- q . (9) 
Above, •(qSv•) denotes the measured spectrum, 
is the family of beam averaged model spectra introduced 
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Figure 11. Beam-averaged 50-MHz incoherent scatter 
Doppler spectra for Te = Ti = 1500, 1000, and 500 K 
and O + composition. The tallest spectrum corresponds 
to Te = 500 K and the shortest to Te = 1500 K. Antenna 
gain pattern of the west directed beam has been used. 
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Figure 13. Same as Figure 11, but for T• - 2Ti - 500, 
1000, and 1500 K. 
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Figure 14. A sample Doppler spectrum measured at 
Jicamarca on September 29, 1996. The spectrum rep- 
resents 5-min time integration and 15-km height res- 
olution. The dashed curve represents nonlinear least 
squares fit of the operational model (see text) to the 
measured spectrum, and the dashed line indicates the 
system noise level. Time and height of measurement is 
indicated in the plot frame. 

in the previous section, vector m is a collection of plas- 
ma parameters such as the electron and ion tempera- 
tures as well as other parameters such as Doppler shift 
which differentiate between the members of the family, 
$n is the system noise level per Doppler bin, and, 

2 is the variance of statistical estimation error nally, rrq 
in 2•(q5c•). Factors 1/rrq 2 have been introduced in (9) 
to weigh the squared differences at individual Doppler 
bins in such a way that Doppler bins with smaller er- 
ror variances play a more prominent role in determining 
the most likely choice for m. A justification of misfit 
definition (9) based on Bayesian arguments is provid- 
ed in the appendix. Here it is su•cient to note that 
spectral fitting via minimization of (9) over m leads 
to maximum-likelihood estimates of the elements of m 

2 are properly assigned and provided that variances rrq 
the expected value of the measured spectrum actually 
corresponds to some member of the $(q50•lm ) family 
plus $n. 

Since •(qSc•) is the average of K independent peri- 
odograms, statistical estimation error •(qSv•)-(•(qSv•)) 
is Gaussian distributed when K is large (K - 645 for 
5 min averaged spectra used in this work). It can then 
be shown that the variance of the distribution 

rr• - ((•(qSco)- (•(qSco))) 2} - (•(qSco))2/K. (10) 

Hence, with (•(qSco)) - $(q&•lm)+ $• for some m and 
Sn, (9) takes the form 

S(qSv:) - 1] 2 (11) K y•[S(q&zlm ) + S• ' 
q 

which is the actual misfit measure (referred to as X 2 
in the appendix) used in our estimation of spectral 
Doppler shifts. For each measured spectrum 

we minimize (ll) over the parameter space defined by 
the elements of m that includes the desired Doppler 
shift parameter. System noise level $n required in (11) 
is determined very accurately using spectral data from 
the few topmost range gates, and is not treated as a 
fit parameter. The full set of fit parameters (elements 
of m), using the theoretical model of the previous sec- 
tion, is {Te,Ti, A, vd}, where A is an amplitude scaling 
factor and vd is spectral Doppler shift expressed in ve- 
locity units. Parameter A scales with electron density 
N, but because the radar measurements are not con- 
ducted with full system calibration, A only plays the 
role of scaling the theoretical curves to arbitrarily de- 
fined levels of measured spectra. 

In routine fits with (11), we actually reduce the num- 
ber of fit parameters to three by replacing the beam 
averaged spectral model of the previous section with a 
simpler one that we will refer to as "operational model." 
The operational model is obtained by approximating (8) 
as 

Ae-jkv,•pSt 
R(pSt) = . (12) 

V/1 + a2ok2C2p25t 2 
This simplified model for beam weighted ACF can be 
derived analytically from (8) by approximating the inco- 
herent scatter spectrum at each aspect angle as a Gaus- 
sian function in o• with akC width and approximat- 
ing the two-way beam pattern function as an isotropic 
bivariate Gaussian in direction cosines with ao radi- 
an widths. Spectral scaling and Doppler shift param- 
eters A and va have also been explicitly shown in the 
numerator of (12). The use of the operational mod- 
el effectively replaces the remaining fit parameters Te 
and Ti with a single new fit parameter C. Naturally, 
the distinction between Te and Ti cannot survive in the 
operational model since Gaussian replacements for the 
actual electron line lack the zero Doppler valley perti- 
nent for the T•/Ti ratio. On the other hand, since the 
width of the electron line scales with electron thermal 

speed C• cr T•/2 C parameter controlling the width of 
the Gaussian replacements may in fact scale with Ce, 
as elaborated further in paper 3. 
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Figure 15. Same as Figure 14. 
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Figure 16. Same as Figure 14. 
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Figure 18. Same as Figure 17 but for T• - 2Ti - 2000 
K and C - C•/v•. 

The main appeal of the operational model is tremen- 
dous gains in computation speed of spectral fits, as it 
allows us to byp•ss the costly computations of the dou- 
ble integral (8) during the fitting stage. The approx- 
imations leading to the operational model are not as 
arbitrary as they may seem at a first glance. A Gaus- 
sian beam model with c% - 0.355 ø approximates very 
closely the shape the actual beam patterns shown in 
Figure 7 integrated along constant c• contours. Also, 
comparisons of (8) and (12) show that major differences 
between the two are mainly confined to 0 < T < 5t 
time lags which have no effect on spectral calculations 
performed with (6). Figure 17 shows theoretical spec- 
tra obtained with the full (solid line) and operational 
(dashed line) models. For full model calculations we 
took Te - Ti - 1000 K, and for the operational model C 
was specified as vf•Ce. Figure 18 shows the same curves 
computed with Te - 2Ti - 2000 K and C - Ce/vf•, 
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Figure 17. Beam-averaged 50-MHz incoherent scatter 
Doppler spectrum model curves obtained with the full- 
theory model for west beam 'and the operational model. 
Te = Ti - 1000 K and C - V•Ce. The operational 
model curve is dashed. 

respectively. These examples clearly show that the set 
of functions generated by the full theory model are very 
nearly replicated by the operational model. 

The dashed curves in Figures 14-16 represent the best 
fits of the operational model to the measured spectra. 
The figures also include line-of-sight Doppler velocity 
estimates obtained as a by-product of the fitting proce- 
dure (labeled as v) as well as the probable error magni- 
tudes associated with velocity estimates (labeled as 5v). 
Notice that the error estimates are less than 1 m/s. The 
dashed horizontal lines also included in the figures rep- 
resent system noise level per Doppler bin, $n. Notice 
that in Figure 15 the area under $n level is approx- 
imately three times larger than the area between the 
measured spectrum and $n. Hence the measurements 
displayed in Figure 15 correspond to an SNR value of 
approximately 1/3. The figure illustrates very nicely 
how Doppler shift estimation at reduced levels of SNR 
becomes relatively easy with our new approach. 

The error estimates presented in Figures 14-16 repre- 
sent the "characteristic width" of the minimum in misfit 

function (11) in m space along the vd axis (see the ap- 
pendix). Smaller error estimates, i.e., precise estimates 
of vd, are associated with minima located at the bottom 
of deep and compact depressions of the misfit surface. 
Velocity time series plots to be presented in the next 
section will show that the error estimates provided 
by the fitting procedure are in general very reasonable. 
It will be seen that noiselike fluctuations in drifts data 

with amplitudes exceeding the error estimates can usu- 
ally be recognized as geophysical noise such as gravity 
waves. 

A detail that is not shown in Figures 14-16 nor cov- 
ered in our description of the fit procedure presented in 
this section is worth mentioning here. Our procedure for 
drift velocity estimation actually involves simultaneous 
model fitting to two almost independent spectral esti- 
mates obtained with data collected with the two halves 

of the Jicamarca antenna array. The use of two spaced 
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antennas on reception allows us to recognize and reject 
short data segments contaminated by coherent echoes 
due to ionospheric instabilities as well as satellites and 
space junk. We examine the normalized cross corre- 
lation of short data segments obtained with the two 
antennas, and exclude the data segments from spectral 
estimation if the level of normalized cross correlation 

reaches or exceeds values uncharacteristic of incoherent 

scatter returns. For data segments accepted as incoher- 
ent scatter returns, two estimates of Doppler spectra 
obtained with the individual antenna outputs are then 
simultaneously fitted to the operational model, taking 
into account the effect of correlated measurement errors 

in the two spectra (see the appendix for more details). 
Since the measurement errors are weakly correlated for 
incoherent scatter returns, double spectral fitting pro- 
cedure provides better velocity estimates than fitting 
the single spectra. In double spectral fitting the fit pa- 
rameters become ((•,A1,A2,vd), where A1 and A2 are 
amplitude scaling factors appropriate for the two mea- 
sured spectra. In general A1 • A2 because of receiver 
gain differences. 

The N-point spectral fitting procedure described in 
this section is mathematically equivalent to fitting the 
complex data •(pSt) - T(p)l•l(pSt) + T(N-p)•*(NSt - 
pSt), p E [0, N-1], in the ACF domain, where T(p)l•l(pSt) 
is an estimate of triangular weighted ACF T(p)R(pSt) 
obtained (for p •_ 0) by time averaging the sum 

N-l-p 
1 

N Z v*(nSt)v(nSt +pSt) (13) 
n--O 

over K consecutive realizations. The equivalence is a 
consequence of the exact DFT-pair relationship between 
the measured spectrum a.nd •(pSt) as well as their ex- 
pected values (see equation (9)). Similarly, fitting 2N- 
point interpolated spectra with half as wide Doppler 
bins (obtained by zero-padding N-point voltage data 
prior to 2N-point FFT in spectral estimation) is math- 
ematically equivalent to fitting T(p)R(pSt) data in the 
ACF domain. Since (•(pSt) and T(p)t•(pSt) data effec- 
tively consist of N and 2N- I unique real quantities, 
respectively, inversion precision via spectral fitting can 
in principle be improved even further by using inter- 
polated spectra. However, when IR(NSt/2)I • R(0), 
•(pSt) • T(p)•l(pSt) and •(NSt -pSt) • T(p)l•l*(pSt) 
for p • N/2, and therefore in such cases additional ben- 
efits of using interpolated spectra would be relatively 
small. We prefer working with non-interpolated spec- 
tra since the fitting procedure then avoids the added 
complications associated with handling the correlated 
errors that exist between the adjacent Doppler bins of 
interpolated spectra. Furthermore, IR(NSt/2)I • R(O) 
condition is very well met in our applications as shown 
in Figure 9(note that R(0)=I is not shown inFigure 9). 

5. Experimental Results 

In this section we present sample results of Jicamarca 
F region drift estimates obtained using the new spectral 
procedure described in the previous section. 

Plate I shows a range-time plot of vertical drift esti- 
mates obtained during a 24 hr run conducted on April 
10, 1997. Daytime upward drifts have been color coded 
as red, and downward nighttime drifts as blue. Brown- 
ish dark feature around 1900 LT is the prereversal en- 
hancement, and chaotic features after about 2000 LT 
correspond to a spread F event. Height-averaged drift 
plot on top of Figure 19 shows the actual magnitudes 
of the upward drifts. Drifts peak at about 45 m/s dur- 
ing the prereversal event. Individual height cuts of drift 
time series shown below the averaged drifts panel in Fig- 
ure 19 clearly show that the data quality is now excel- 
lent at individual range gates representing 15 km height 
resolution. Figures 20 and 21 show height profiles of 
vertical drifts in the morning and early in the after- 
noon on the same day. Morning and afternoon profiles 
exhibit small but oppositely directed height gradients 
consistent with the curl free nature of driving electric 
fields. East-west drift estimates from the same exper- 
iment are shown in Plate 2 and Figure 22 in a format 
similar to Plate I and Figure 19. 

Figure 23 shows vertical drifts time series from three 
adjacent range gates sampled on September 29, 1994. 
An interesting feature in the time series, in addition 
to a weak prereversal enhancement at around 1830 LT, 
is small amplitude oscillations superimposed on postre- 
versal downward nighttime drifts. The oscillation am- 
plitudes, however, are larger than typical error bars in- 
dicated by dotted lines straddling the solid line data 
plots. The oscillations do not represent measurement 
noise, but rather, geophysical noise. A stack plot of 
the same data blown up in Figure 24 clearly shows that 
the oscillations are strongly correlated from one range 
gate to another. Given the downward phase progres- 
sion evident in Figure 24 associated with the oscilla- 
tions, we suspect that the observed oscillations are due 
to upward propagating gravity waves at lower F region 
heights. A color coded range-time diagram of the same 
vertical drift data shown in Plate 3 also clearly shows 
signatures of downward phase progression. The oscil- 
lation period appears to be about 45 min and vertical 
wavelength exceeds 200 kin. 

Gravity wave oscillations at F region heights have 
never been detected in earlier incoherent scatter drift 

measurements at Jicamarca. The present observations, 
which may well be the first direct observations of 

gravity wave oscillations at such high altitudes, consti- 
tute a clear demonstration of the increased sensitivity 
achieved with the revised measurement procedure. If 
long vertical wavelength gravity waves indeed exist at 
F region heights as suggested by our data, joint use of 
the revised method at Jicamarca with airglow imagers 
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Plate 1. Range-time plot of vertical drift w measured at Jicamarca on April 10, 1997. Red indicates t,l)ward drift 
while blue indicates downward drift. For quantitative information about measured w values see Figures 19-21. 
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Plate 2. Same as Plate 1 but for eastward drift component u. 
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may facilitate a study of the properties of the waves 
since the horizontal structure of the waves should be 

detectable in airglow images given the extent of their 
vertical wavelengths. Such studies may help clarify the 
possible role of ionospheric gravity wave oscillations in 
the seeding of equatorial spread F bubbles [e.g., Kelley, 
1989]. Also, experimental studies of ionospheric gravity 
waves may have an impact on further developments of 
the theory of electrobuoyancy waves discussed by Miller 
[1996]. 

Finally, it is worthwhile to point out that while all the 
results presented in this section were obtained with 5- 
min time integration, high-quality drift estimates can 
also be obtained with shorter integration times and 
equal or even better precision when the exchange of 
time integration and height integration is permissible 
in certain applications. For instance, to study sudden 
changes in drift velocities imposed by magnetospheric 
field penetration effects, drift velocity estimates with 
0.5-1 m/s precision can be obtained with 15-s time res- 
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olution by averaging drift estimates obtained from 20 
range gates (corresponding to 300 km of ionospheric 
coverage). Potential benefits of exchanging height res- 
olution with time resolution has been dramatically im- 
proved with the new drift estimation method since high- 
precision drifts data are no longer confined to altitudes 
with large SNR levels. 

6. Summary and Conclusions 

In this paper we described a new spectral domain pro- 
cedure for F region incoherent scatter drift estimation 
which has been in use at Jicamarca in world-day exper- 
iments conducted since 1996. The procedure based on 
spectral fitting takes advantage of spectral narrowing 
of incoherent scatter returns from directions associat- 

ed with small magnetic aspect angles, and extends the 
high-precision performance of the single-delay pulse-to- 
pulse correlation procedure used until 1996 to drift esti- 
mates obtained from altitudes returning signals weaker 
than the system noise level. The increased sensitivi- 
ty achieved with the new approach should greatly en- 
hance the research capabilities of the Jicamarca radar. 
¾Ve have already observed previously undetected gravity 
wave signatures at F region heights, as well as a post- 
sunset circulation reported in a companion paper by 
Kudeki and Bhattacharyya [1998]. Also, our detailed 
examination of incoherent scatter signals from small 
magnetic aspect angles have revealed some surpris- 
ing results concerning incoherent scatter theory which 
are described in a second companion paper by Bhat- 
tacharyya et al. (manuscript to be submitted, 1999). 

Appendix: Nonlinear Inversion Method 

Incoherent scatter spectral fitting procedure described 
in section 4 is an application of statistical inversion 
theory [e.g., Menke, 1989; Tarantola, 1987; Vallinkos- 
ki, 1988]. We provide here a brief but self-contained 
overview of the inversion theory pertinent to nonlinear 
discrete inverse problems. 

A.1. Formulation of Discrete Inverse Problem 

Let vector d - (d) + 5d contain the outcomes of 
an experiment with expected values (d / = f(m) and 
zero-mean random measurement errors 5d. Here f(m) 
denotes a set of known functions of a set of parameters 
m used for modeling (d/. For example, m may be a 
set of ionospheric parameters such as density, temper- 
atures, drifts, etc., as in section 4, and data vector d 
may contain the discrete frequency components of in- 
coherent scatter signal spectrum measured under iono- 
spheric conditions specified by some particular m. In 
discrete inverse problems we wish to identify a partic- 
ular set of model parameters mML which is the most 
likely one of all possible m to account for a given da- 
ta set d. We also wish to obtain a covariance matrix 

M = ((m- mMœ)(m- mMœ) T) describing the quali- 
ty of maximum likelihood solution mML inferred from 
the data. Above, and elsewhere in this appendix, su- 
perscript T denotes matrix transposition and we only 
consider the case when the number of data points (di- 
mension of d) exceeds the number of model parameters 
(dimension of m) by some positive integer • (number 
of degrees of freedom). 

The measure of likelihood for any set of model param- 
eters m to account for a particular set of observations 
d is the conditional probability p(m[d), which, accord- 
ing to Bayes theorem, is proportional to p(m)p(dlm ). 
Functions p(m) and p(m[d) should be regarded as a 
priori and a posterJori probabilities for m, with the 
distinction signifying the additional information on m 
made available by observations d. If initially we have 
no information on m, then p(m) can be disregard- 
ed and p(mld ) can be taken equal to p(dlm ) times 
some constant. But function p(dlm), representing the 
probability variation for measurements d conditioned 
on model parameters m, can be identified with p(Sd), 
the probability distribution for measurement errors 5d, 
since, by definition, given a particular set of model 
parameters m the corresponding measurement errors 
5d = d- f(m). For Gaussian distributed errors 5d 
with a covariance matrix D -- (SdSd T) we then have 
p[dlm ] = p(d - f(m)) c• exp(-x2/2), where 

X 2 = [d- f(m)]TD-•[d- f(m)]. (A1) 

Therefore, maximization of p(mld) cr p(dlm ) over m 
to obtain the maximum-likelihood solution mM• is ac- 

complished by minimizing (A1) representing the overall 
misfit that could exist between the data and their ex- 

pected values. Gaussian statistics for 5d can be justified 
if data set d is obtained as a result of a long summation 
procedure as in spectral estimation. 

A.2. Solution of Discrete Inverse Problem 

Consider first a simple linear inversion problem with 
D - I (identity matrix) and f(m) - Fm, where F 
is some matrix with constant coefiqcients. Misfit (A1) 
then reduces to 

X 2 = (d- Fm)T(d- rm), (A2) 

which can also be written as 

X 2: dT(I- rr-s)d + (m- F-sd)TM-• (m - r-sd) 
(A3) 

with M -• = FTF and F-S = MF T. The first ter- 
m in (A3) is independent of rn and the second term 
indicates that a posterJori probability density for m is 
Gaussian with a covariance matrix M and maximum 

at m = mM• = F-Sd. The variance associated with 
each element of maximum likelihood solution mM• is 

the corresponding diagonal element of M. Furthermore, 
it can be shown that the expected value and standard 
deviation of (A3) for rn = mM• are v and x/•v, respec- 
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tively. In the literature, F-S and M -1 are referred to 
as generalized inverse and Fisher information matrices, 
respectively. 

Returning to the general case, we first rewrite (A1) 
as 

X2 _ [dt _ ft (m)]T[d t _ ft (m)], (A4) 
where d t - LTd, if(m) - LTf(m), and L T is any 
square matrix with the dimensions of D -1 such that 
LL • = D -1 (e.g., L can be obtained via Choleski de- 
composition of D-l). Subsequently, we note that for 
m in the vicinity of some mo (e.g., an initial guess for 
mML) misfit (A4) is approximately 

X•o - [d'- f'(mo) - FSm]T[d '- f'(mo) - FSm], (A5) 

where matrix elements Fpq - (9f•(mo)/e9mq and 5m- 
m- mo. Therefore the search for the minimum in 

(A4) can begin from any reasonable initial guess mo 
and continue by updating mo in an iterative fashion as 
mo -4 mo+ F-S[d '- ft(mo)] using F -s = MF T and 
M -1 = FTF as in the linear case. If the initial guess 
is far from mM;, (A4) evaluated at m =mo will not 
necessarily be reduced after each iteration. Thus for 
convergence it may be necessary to employ a modified 
form of F-s during the early iterations. In Marquardt- 
Levenberg method [e.g., Bevington, 1969] diagonal ele- 
ments of M -1 are amplified by some multiplicative fac- 
tor as needed to ensure the reduction of (A4) at each 
step. After convergence mo= mML and consequently 
M is the coverlance matrix of a Gaussian that approx- 
imates the a posterJori probability density for m near 
the solution point. Diagonal elements of M therefore 
once again provide the uncertainty measures associated 
with the components of mML even though more accu- 
rate measures can be obtained by direct examination of 
(A4) near the solution point. Finally, ratio Xa/•, cal- 
culated at the solution point provides a measure of the 
goodness of the fit between d and f(mM;). The fit can 
be regarded satisfactory when ;•a/•, • 1. 

The influence of a priori distribution p(m) on mML, 
which we have ignored so far, can be included in the 
inversion scheme by treating the components of a pri- 
ori (m), namely the priors {mq) --_-- f dm mq p(m), as 
additional data. Data covariance matrix D is then al- 

so expanded to include the corresponding covariances 
((mq --{mq))(mr --(mr))), and model vector f(m) is 
trivially extended to match the dimension of expanded 
d vector. The inversion scheme can then be regarded as 
a means of improving existing information {m) on m in 
view of new evidence (d vector before expansion). By 
contrast, inversion without priors (only possible when 
• > 0) generates new information. Allowance can al- 
so be made in the inversion scheme for uncertainties in 
model functions f(m). If (d) = f(m) is true only on 
the average because of possible shortcomings in f(m), 
then D in (A1) should be taken as the sum of data co- 
variance matrix (SdSd T} and the coverlance matrix of 
<d>- f(m). 

A.3. Implementation 

In our implementations of nonlinear spectral inVer- 
sion based on the minimization of (A4) with Marquardt- 
Levenberg method (IDL procedure CURVEFIT) we take 

m - (C, A1, A2, Vd) T, 

d - [•1 (-(N/2)Sw), •(-(N/2)Sw), ß ß ß, 
•1((N/2 - 1)&o), •2 ((N/2 - 1)&o)] T, 

where •1 (q503) and •2(q&o) refer to Doppler frequency 
bins of spectra measured with two reception antennas, 
and likewise 

f(m) - {S[-(N/2)&oIC, A1, vd] + Snl, 
$[-(N/2)&olC, Aa, va] + $,•, . . . , 

$[(N/2 - 1)&olC , ha, va] + $,•2} T, 
where S•1 and S•2 refer to noise levels on the two 

reception channels, and model values S(q&oIC, A,v• ) 
are derived from the operational model described in 
section 4. No prior information is utilized regarding 
the elements of m and for initial guess mo we take 
vd - 0, C - C• with T• - 1000 K. A1 and A2 
are initialized to ensure same order of magnitudes for 
the sums of measured and model spectra. The ele- 
ments of covariance matrix D consist of terms of the 

form (•l(q6co))2/K and (•2(q6co))2/K on the diago- 
nal and contain small off-diagonal terms of the form 
I<•Ox2(q&v)>la/K, where (•12(q5c0)) denotes the cross- 
spectrum of the two-receiver signals at Doppler fre- 
quency bin q&o. Since covariances of •01,2(qSw) and 
•l,2(qt(•co) are zero for q' =/: q, most off-diagonal ele- 
ments of D are zero. In filling the matrix D, we substi- 
tute model spectrum values for (•Ol(q&o)) and 
on the diagonal, and use/•12 (qr•w) in place of 
to obtain the off-diagonal elements. 

In general, we encounter no convergence difficulties 
except in cases with questionable data models f(m) 
(e.g., trying to fit spread F Doppler spectra with inco- 
herent scatter spectrum model is sometimes problem- 
atic). However, we notice that inversion results can be 
sensitive to how the covariance matrix D is assigned. 
Minimization of (A1) with an improper D amounts to 
weighted least squares fitting of the data to the model 
as long as the matrix is symmetric and positive def- 
inite, but with improper weights least squares fitting 
can lead to biased estimates of model parameters m. 
The maximum-likelihood estimates obtained using the 
proper coverlance matrix D are unbiased in all linear 

inversion problems and nearly so in nonlinear problems 
when a posterJori probability function p(mld ) exhibits 
symmetry in m space in the vicinity of mML. 

Finally, in certain inversion problems, such as in spec- 
tral fitting being described here, data covariance matrix 
is found to depend on model parameters m. In such 
cases the proportionality constant between p(dlm ) and 
exp(-x2/2) will depend on m, and as a consequence 
the locations of the maximum of a posterJori probe- 
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bility p(m]d) oc p(d]m) and the minimum of misfit 
(A1) will not exactly coincide in m-space. However, 
when rms data error magnitudes are small compared 
to data magnitudes, such as for K >> I case in sec- 
tion 4, exp(-x2/2) in p(m]d) is very sharply peaked 
at the location where X 2 minimizes. Then, despite 
the m dependence of the proportionality constant in 
p(m]d), the maximum-likelihood solution generally re- 
mains very close to the peak location of exp(-x2/2), 
in which case the solution method described in this ap- 
pendix can still be used to identify mML with very high 
accuracy. 

For the sake of completeness we include here the pre- 
cise counterpart of misfit definition (11) that could be 
used to obtain the exact maximum-likelihood solutions 

in spectral fitting problems described in section 4 (valid 
for single spectrum fitting)' 

,•(q6w) - 1] - In[ •(q6w) . 2K • ([ S(q•-•w[•)) + S• S(q•[• • S• [)' 
q 

(A0) 
In the large K case when •(qSw) • S(qSw]m)+S•, (A6) 
is well approximated by (11) representing the lowest- 
order nonzero term of Taylor series expansion of (A6) 
about S(qS•)/(S(qSwlm) + S•) - 1. 
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