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[1] Electric fields map from the magnetosphere to the E region ionosphere where they
drive the intense currents of the auroral electrojet. Particularly during geomagnetic storms
and substorms, these currents become sufficiently intense to develop Farley-Buneman
(FB) streaming instabilities and become turbulent. This leads to anomalous electron
heating which can raise the electron temperature from 300 K to as much as 4000 K and,
also, modifies auroral conductivities. This paper describes the first fully kinetic 3-D
simulations of electric field-driven turbulence in the electrojet and compares the results
with 2-D simulations and observations. These simulations show that 3-D turbulence can
dramatically elevate electron temperatures, enough to explain the observed heating. They
also show the saturated amplitude of the waves; coupling between linearly growing
modes and damped modes; the propagation of the dominant modes at phase velocities
near the acoustic velocity, slower than in 2-D simulations; and anomalous cross-field
electron transport, leading to a greatly increased E region Pedersen conductivity. These
simulations provide information useful in accurately modeling FB turbulence and
represent significant progress in understanding the electrojet.
Citation: Oppenheim, M. M., and Y. S. Dimant (2013), Kinetic simulations of 3-D Farley-Buneman turbulence and anomalous
electron heating, J. Geophys. Res. Space Physics, 118 1306–1318, doi:10.1002/jgra.50196.

1. Introduction
[2] Large-scale currents and electric fields propagate

from the magnetosphere into the auroral E region iono-
sphere where they drive electron drifts that, upon reaching
a sufficient amplitude, create plasma instabilities and tur-
bulence. These cause density irregularities, anomalous elec-
tron heating (AEH), and conductivity changes. While these
phenomena have been studied experimentally and theoreti-
cally for six decades, only in the last decades have numerical
simulations become useful. The first simulations to explore
the nonlinear behavior of E region instabilities were lim-
ited to the 2-D plane perpendicular to the geomagnetic field
EB0. Today, taking advantage of modern, massively parallel,
supercomputers, we can resolve over 1 billion wave modes
(8192 along EB0 by 512 � 512 perpendicular to EB0) in fully
3-D kinetic simulations.

[3] This study uses the massively parallel particle-in-cell
(PIC) simulator, EPPIC, first discussed in Oppenheim et al.
[2008]. This code models both electrons and ions as PIC
particles, capturing the kinetic and thermal behavior of
both these species. These simulations explored a range of

1Center for Space Physics, Boston University, Boston, Massachusetts,
USA.

Corresponding author: M. M. Oppenheim, Center for Space Physics,
Boston University, 725 Commonwealth Ave., Boston, MA 02461, USA.
(meerso@bu.edu)

©2013. American Geophysical Union. All Rights Reserved.
2169-9380/13/10.1002/jgra.50196

parameters intended to model the auroral E region for a span
of altitudes between 100 and 110 km.

[4] These simulations demonstrate conclusively that 3-D
Farley-Buneman (FB) turbulence causes anomalous elec-
tron heating (AEH). For a 3-D simulation mimicking param-
eters at 109 km altitude, driven by 105 mV/m, the electron
temperature climbed from a few hundred Kelvin to a sus-
tained 2000 K, while a similar simulation for 106 km
reached and maintained 1500 K. While these simulations
do not exactly model the parameters found in the iono-
sphere, they do show that 3-D FB turbulence produces far
more electron heating than an equivalent 2-D turbulence
and also allows us to quantify the AEH and understand
its origin.

[5] Anomalous electron heating is important because it
modifies ionospheric conductances and therefore affects
the coupling between the magnetosphere and ionosphere.
It does this by reducing the local plasma recombination
rate, which causes a gradual elevation of the mean plasma
density [Gurevich, 1978; St.-Maurice, 1990; Dimant and
Milikh, 2003; Milikh and Dimant, 2003; Milikh et al., 2006].
The elevated plasma density increases both the Hall and
Pedersen conductivities in proportion. However, this mech-
anism requires tens of seconds or even minutes because
of the slow development of the ionization-recombination
equilibrium. Although these simulations do develop the
requisite temperatures to trigger this recombination, they not
reach this time scale.

[6] Electrojet turbulence instantaneously modifies
Pedersen ionospheric conductances through the mecha-
nism of wave-driven nonlinear currents [Oppenheim, 1997;
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Buchert et al., 2006; Dimant and Oppenheim, 2011a].
This current develops when the wave-generated electric
field causes electrons to EE � EB drift in one direction along
the crest of each wave and in the opposite direction along
the depletion of the wave. Due to the higher plasma den-
sities at the crests of the waves than in the depletions,
a net current flows perpendicular to the direction of the
wave propagation. This nonlinear current, EJNC, is intimately
related to AEH: the total energy deposited per unit time
on all anomalous heating processes equals the “turbulent”
Joule heating, EJNC � EE0. The simulations show that these
nonlinear currents (NC) exceed the laminar ion Pedersen
current by as much as 80%. They also show that both the
NC and the AEH differ dramatically in 2-D and 3-D, in
agreement with the earlier theoretical predictions discussed
in Dimant and Oppenheim [2011a, 2011b].

[7] These simulations reproduce many aspects of the
electrojet radar data. In particular, the saturated spectra of
3-D FB turbulence generated by these simulations follow
a cosine dependence with respect to flow angle, as in 2-D.
Also, in 3-D the phase velocity of the most energetic modes
lies well below the 2-D phase velocity and close to the
highest estimates of the acoustic velocity.

2. Background
[8] Plasma irregularities in the E-region ionosphere were

first detected shortly after the invention of radar in the
1940s, and detailed radar studies of this phenomenon began
in the 1950s [Bowles, 1954]. Since then hundreds of stud-
ies, both experimental and theoretical, have been undertaken
to further our understanding of the origin, evolution, and
effects of E-region irregularities. These studies have been
reported on in hundreds of papers and a number of books
[Fejer et al., 1984; Farley, 1985; Kelley, 2009]. In the last
15 years, simulations have become a useful tool for explor-
ing the nonlinear evolution of E-region waves. For a general
discussion of background material appropriate to this
paper, please refer to Oppenheim and Dimant [2004] and
Oppenheim et al. [2008]. In this paper, we will limit our dis-
cussion of background to material that has appeared in the
last few years.

[9] On the experimental side, there has been a concerted
effort over the last decade to simultaneously use multiple
frequency radars, imaging radars, and Faraday rotation to
study electrojet turbulence at the Jicamarca Radio Obser-
vatory [Hysell et al., 2007]. They found structuring of the
system at the 3–5 km scale size and east-west asymmetries
which may be explained by thermal effects [Dimant and
Oppenheim, 2004]. Woodman and Chau [2002] and Hysell
et al. [2007] present compelling evidence that the phase
velocities of the waves go as Cs cos � where Cs is an esti-
mate of the ion acoustic speed and � is the angle between
the direction of the fastest waves and the measured wave.

[10] A number of theories have been advanced to better
explain the behavior of Farley-Buneman (FB) turbulence in
the last decade. Otani and Oppenheim [2006] further devel-
oped the theory of three or four mode coupling mechanisms
of saturation [Sahr and Farley, 1995; Dimant, 2000; Hamza
and Imamura, 2001]. This paper shows how a FB system
limited to very few modes will saturate and show behav-
ior such as density perturbation levels and phase velocities

which match observations quite nicely. They also show how
mode-coupled systems have constraints on phase velocities
and wave directions. However, these systems never resem-
ble the fully turbulent simulations that include diffusive
and kinetic effects neglected in the mode coupling models.
Hysell and Drexler [2006] further developed the nonspec-
tral “blob” approach to modeling the saturated FB system
[St.-Maurice and Hamza, 2001], showing how the blobs
rotate and distort. While these models show some interest-
ing aspects of nonlinear dynamics of FB turbulence, they
also exclude diffusion and kinetic effects. The net result
is that the “blob” models do not resemble the simulated
FB turbulence. Finally, there have been a number of recent
papers commenting on interesting aspects of FB turbulence.
Haldoupis et al. [2005] look at the role of density gradients
on FB waves. Bahcivan and Cosgrove [2010] discuss the
effect of vertical electron density gradients in the auroral
regions on FB turbulence. None of these studies address the
fully 3-D turbulence and the resulting anomalous electron
heating (AEH).

[11] Small-scale fluctuations generated by FB instabilities
can cause enormous AEH. For about 30 years, radars
have observed strong electron temperature elevations from
300–500 K up to more than 4000 K, correlating with strong
convection fields EE0 [Schlegel and St.-Maurice, 1981; Provi-
dakes et al., 1988; Stauning and Olesen, 1989; St.-Maurice
et al., 1990; Williams et al., 1992; Foster and Erickson,
2000; Bahcivan, 2007]. Simple estimates show that regu-
lar ohmic heating by EE0 alone cannot account for such huge
temperature elevations. A strong correlation between AEH
and E0, as well as theoretical arguments, provide evidence
that the FB-generated turbulent electric fields causes AEH
[St.-Maurice and Laher, 1985; Robinson, 1986; Robinson
and Honary, 1993; Providakes et al., 1988; St.-Maurice,
1987; St.-Maurice, 1990; Dimant and Milikh, 2003; Bahci-
van et al., 2006; Bahcivan et al., 2012]. These theories argue
that AEH occurs largely because the turbulent electrostatic
field, ıEE, has a small component ıEk parallel to the geo-
magnetic field EB0. The importance of ıEE|| makes the entire
process fully 3-D, precisely what these simulations explore.

3. Simulation Methods and Limitations
[12] To study the growth, evolution, and saturation of

E-region waves, we use the Electrostatic Parallel Particle-in-
Cell simulator EPPIC to follow the dynamics of a collection
of ions and electrons as they respond to both external and
internally generated electric fields in full 3-D. Oppenheim
et al. [2008] describe the techniques applied by this sim-
ulator, and Oppenheim and Dimant [2004] discuss many
of its limitations, although both of these focused on 2-D
simulations. The 3-D simulations in this paper apply this
same simulator on a considerably larger scale, running on
the Kraken supercomputer, using just over 8000 processors
simultaneously. We believe the resulting simulations present
the most physically accurate simulations of field-driven
electrojet turbulence yet performed.

[13] The dominant computational cost of these simula-
tions results from tracking electrons as they gyrate. To
reduce this expense, we use an electron mass which is 44
times more massive than the physical electron mass, mak-
ing the ion-to-electron mass ratio close to that found in a
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H+ plasma. For Oppenheim et al. [2008], we performed a
series of 2-D tests to demonstrate that this elevated elec-
tron mass has little effect on these simulations by comparing
a run with msim

e = 44me to one with msim
e = 6me. In

3-D, the electron mass also determines the aspect angle,
‚0 � [me�e/(mi�i)]1/2, which approximates the largest angle
between a wavevector and perpendicular to EB at which
linearly unstable modes persist. Raising the electron mass
increases ‚0, reducing the number of modes parallel to
EB the simulation must resolve. This allows for a smaller,
less expensive 3-D simulation. However, a higher msim

e also
requires a proportionately reduced �e, and, if �e falls below
�i, then the behavior of FB waves changes substantially. An
otherwise identical simulation shows that if msim

e = 88me,
then the saturation amplitude increases, and the heating
diminishes. A very expensive simulation with msim

e = 22me

and a longer box along EB0 showed results similar to the
msim

e = 44me ones used in this study.
[14] The simulations presented in this work have a num-

ber of things in common: They use periodic boundary
conditions in all directions. This means that the top of the
simulation box connects to the bottom, the right to the
left, and the front to the back. This method allows us to
use a rapid spectral technique to determine the field from
Poisson’s equation. Periodic simulations allow only a lim-
ited number of wave modes and prevent all others. This
means that modes which span the entire simulation box
or only a few grid cells will generally be poorly repre-
sented. These simulations, though, do represent millions of
modes accurately.

[15] These runs initially position the particles uniformly
through the simulation space and assigns initial velocities to
make the particle distribution Maxwellian. As a result of the
discreteness of the particles, an initial, nonzero noise level
exists which substantially exceeds that found in nature. We
do not seed these simulations with any initial perturbation,
instead letting the instability grow from noise. We require
that the total averaged electric field hE2i of the saturated
state waves exceeds the initial noise by at least one order of
magnitude. This means we must have at least a few hundred
particles per cell. We achieve this by using just over 8000
CPUs simultaneously.

[16] These simulations use an elastic collision algorithm
where at each time step all charged particles have a prob-
ability of colliding with a neutral particle using one of
three elastic scattering algorithms: A constant cross-section
model sets the probability of collision proportional to the
difference between the charged and a randomly gener-
ated neutral-particle velocities; a Maxwell-molecule model
makes the probability of collision independent of the veloc-
ities; and, lastly, EPPIC includes a model making the
collision rate proportional to the energy

�
/ v2

e
�

useful for
modeling electron-N2 collisions.

[17] In the E region, inelastic electron collisions domi-
nate over elastic ones. In order to simulate this, EPPIC has
the PIC electrons collide with neutrals with a smaller mass
than real atmospheric neutrals. Also, to best recreate the
�e / v5/3

e / T 5/6
e described in Gurevich [1978], the simu-

lated electrons collide at a rate proportional to v2
e [Dimant

and Sudan, 1995]. Interestingly, over the energy range of
interest, � 0.03 to 0.3 eV, this actually matches quantum

collision calculations more accurately than does v5/3
e . Com-

bining the effective lower neutral mass with a �e / v2
e

mimics electron inelastic collision and heat transfer rates
with reasonable accuracy [Oppenheim et al., 2008].

[18] The collision algorithm where � / v, used for ions,
works by selecting a subsample of particles and then com-
paring the ratio of each particle’s velocity to a selected
maximum velocity, vcmax, to a random number between 0
and 1. If the random number is less than this ratio, then
the particle will collide with a neutral; otherwise, it will
not. This gives the effect of a constant cross-section particle
and a collision rate proportional to the velocity. A weak-
ness of this algorithm arises if the thermal velocity of the
colliding distribution becomes more than a small fraction
of maximum vcmax, then the faster particles will always col-
lide, meaning that the constant cross-section collision rate is
lost. If vcmax is set very high, then the cost of the collision
algorithm becomes excessive as large numbers of particles
must be tested to obtain a sufficient number to maintain
the required collision rate. The value or vcmax chosen was
a compromise between numerical efficiency and simulation
accuracy.

[19] The �,/ v2 � T collision algorithm works by com-
paring the random number to the ratio v/vcmax squared.
The Maxwell-molecule algorithm simply collides randomly
selected particles with no concern for their velocity.

[20] The FB instability and its dominant nonlinearities do
not depend on plasma density, only the normalized density
gradients Ern/n. Hence, we can use a low density to max-
imize the Debye length, the smallest scale the grid must
resolve. However, as Rosenberg and Chow [1998] pointed
out, if the density drops too low, the plasma will not main-
tain quasineutrality. Therefore, the simulation must have
!pi:sim/�i:sim > 1 where !pi:sim is the simulation ion plasma
frequency. Violating this condition will preclude the FB
instability.

4. Simulation Results
[21] The paper will focus on a 3-D baseline simulation, a

comparison run with halved collision rates, and a set of 2-D
simulations with matching parameters. Table 1 lists many of
the parameters used for these simulations. As demonstrated
below, these simulations have parameters which match those
at 106 and 109 km altitude in the auroral zone.

[22] Kinetic distortions of distribution functions make it
difficult to estimate accurate fluid collision rates and, hence,
effective altitudes from a PIC simulation. To obtain these
values, we ran a series of modest-sized (256 processor)
simulations with the electric field reduced to 20 mV/m or
less, below the FB threshold, eliminating waves and reduc-
ing heating to a few degrees. The resulting Pedersen drift
rates can then be used to infer the ion-neutral collision rates
with high precision from the unmagnetized drift equation,
Ovix = (E0ye/mi)/�i, where the simulation gives us the average
velocity Ovix. This yields �i = 1875 s–1 with variances less
than 1 s–1.

[23] Obtaining the electron collision rates from the
Pedersen drifts requires extracting an average speed of less
than 1 m/s from a population where the RMS particle speed
exceeds 7 km/s. Instead, we performed another special run,
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Table 1. Parameters of Baseline Simulationa

Parameter B1 Value Units

grid (nx k EB0 � ny� nz) 2048 � 512 � 512
grid size (dx� dy� dy) 0.15 � 0.15 � 0.15 m
�t 3.5� 10–6 s
EB0 0.5Ox Gauss
EE0 0.105Oy V/m
n0 4� 108 1/m–3

mi 5� 10–26 kg
mi/me 625
Tn 300 K
Npic

e 2.� 109

Npic
i 17.� 109

�e 297 1/s
�i 314 1/s
‰ 0.003
Altitude (high latitude) � 106 km

aThe collision rates, ‰, and altitude derive from special test simulations
as discussed in the text. ‰ � �e�i/�e�i and Npic

e , Npic
i are the number of

macro PIC particles used to model the behavior of the n0nxdxnydy particles
per length. The Tn is the neutral temperature. All other parameters have
their typical meanings.

with an externally imposed Ek = 0.1 mV/m, and obtained
a collision rate from the relation EVek = –eEEk/(me�e). Since
any Ek can heat and distort the electron thermal distribution,
we ran a series of test cases to insure that we obtained an
accurate collision rate.

[24] The combined ion and electron collision rates tell
us the simulated altitude in the electrojet. Calculating ‰ =
�e�i/(�e�i) and using Figure 2 of Dimant and Oppenheim
[2004], we see that for B2, ‰ = 0.003, which corresponds
to an altitude of about 115 km. The equivalent altitude at the
equator is 120 km.

[25] These parameters create another simulation weak-
ness: the ratio of �e/�i � 1, while in nature this ratio is about
10. The electron collision rate must drop as we raise the arti-
ficial electron-ion mass ratio. As discussed in Oppenheim
et al. [2008], we can safely raise this mass until mes � 50me.

[26] Accurately modeling ion collisions in the E region
presents a serious challenge. Simulations run with �i / v2

i ,
�i / vi, or a constant �i shows that having a collision rate
proportional to vi or v2

i does not change the solution by
more than a few percent. However, using a constant �i leads
to a much hotter ion population which raises the FB insta-
bility threshold dramatically. The correct collision rate lies
somewhere between a �i / vi and constant. As a practi-
cal measure, we used �i / vi. An equivalent simulation
with Maxwell molecules would require an enhanced driving
E-field and would have a considerably hotter ion popula-
tion as the fastest ions collide at the same rates as the far
more common slow ones. This type of collision model prob-
ably applies to the slower ions but breaks down for the
hotter ones.

4.1. Baseline 3-D Simulation Results
[27] Both baseline simulations spanned 307.2 by 76.8 by

76.8 m with parameters mimicking the auroral E region. The
neutral temperature used for this run was Tn = 300 K, some-
what on the cold side of the expected values. However, the
plasma quickly heats up due to ohmic heating resulting from
the strong—but not absurd—driving field of 105 mV/m.

[28] One can track the growth and saturation behavior of
plasma waves by evaluating the total energy stored in the
perturbed electric field. Figure 1 shows this for the baseline
3-D and 2-D cases plus the reduced collision rate case and,
lastly, a larger 2-D baseline case.

[29] The amplitude of the turbulent hE2i reaches simi-
lar levels in both 3-D and 2-D. By averaging hıE2i over
the second half of the 3-D baseline run, we get 160 mV/m,
while the 2-D case exceeds this only by a few millivolts per
meter. This exceeds the driving electric field of 105 mV/m
by 52%, representing a surprisingly large average turbulent
field.

[30] We initially suspected that hE2i exceeds E0 because
PIC particle noise contributes energy over a large range of
short wavelengths. However, in the plane perpendicular to
EB0, the high levels of short-wavelength particle noise do not
increase hE2i substantially. Filtering the 2-D potential, �,
data to eliminate waves shorter than 3 m reduces hEi by
� 20%, but this mostly reflects the contribution of waves
close to 3 m and not particle fluctuation-dissipation noise.
We discuss the implications and possible causes of the high
values of hE2i in the discussion in section 5.

[31] Examining the plasma densities, n � ne � ni, gives
one a sense of how the turbulence evolves and how it dif-
fers in 3-D from 2-D. Figure 2 shows cross-sections of the
B1 densities for a number of times, while Figure 3 shows
the same for the equivalent 2-D run. At the earliest time
shown for both 3-D and 2-D, one observes waves with a sub-
stantially lower amplitude than seen after saturation. This
early time allows one to see the underlying particle noise
from which the instability grew. Also, short (� 3 m) wave-
lengths dominate the wave structure and both 3-D and 2-D,
and show a tilt away from the EE�EB direction resulting from
thermal effects [Oppenheim and Dimant, 2004; Dimant and
Oppenheim, 2004]. The 2-D tilts in the opposite direction
from that of 3-D because the direction of EB0 was switched
from Oz to Ox for computational reasons. Later in time, in both
3-D and 2-D, longer wavelengths perpendicular to EB0 begin
to predominate over the initial 3 m waves.

Figure 1. Averaged perturbed global electric field squared
hE2i from a series of comparison 3-D and 2-D runs. “Small”
indicates a 512 � 512 grid size run, while “Large” desig-
nates a 2048 � 2048 case. “Low” designates that �e,i were
half of the “High” baseline cases.
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OPPENHEIM AND DIMANT: 3-D FARLEY-BUNEMAN SIMULATIONS

Figure 2. Ion density perturbations during linear growth (t = 10 ms), in transition (t = 23 ms), and in
saturation (t = 56 ms). In the simulations, the x direction is along EB0, while the driving electric field is
along y. The top images show cross-sections perpendicular to EB0, while the lower ones show parallel ones.
These densities derive from the cross-sections of the entire 2048 � 512 � 512 mesh. The ranges listed
above each image gives the density perturbation of a single cross-section of the simulation. This includes
both the wave-induced density perturbations and the not insubstantial particle noise perturbations. The
RMS densities give a better indication of density perturbation levels.

[32] In animations of the density cross-sections perpen-
dicular to EB0, one sees secondary peaks moving along the
crests and troughs of the primary waves and perpendicu-
lar to their direction of travel. The secondary crest motion
goes in the opposite direction from the troughs as described
for small 2-D simulations in [Oppenheim, 1995]. In the
planes parallel to EB0, perturbations travel rapidly along EB0
indicative of waves with high parallel group velocities.

[33] Runs in 2-D differ from 3-D ones in that the waves
appear sharper. This results from the larger numbers of par-
ticles per unit length in these runs. Also, in 2-D, a finite
sized box affects the results because of the limited numbers
of modes available in the plane perpendicular to EB0. In 3-D,
many slightly oblique modes effectively increase the num-
ber of available modes, allowing waves at a broader range
of angles to propagate.
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Figure 3. Ion density perturbations during linear growth (t = 41 ms), in transition (t = 92 ms), and
in saturation (t = 246 ms) from the B1 2-D simulation. These densities derive from the entire particle
population distributed over the 512 � 512 mesh. The 2-D simulations grow more slowly, making the
times for each stage later than in 3-D.
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OPPENHEIM AND DIMANT: 3-D FARLEY-BUNEMAN SIMULATIONS

Figure 4. Perturbed density averages versus time for the
3-D and 2-D B1 simulations. The density values are calcu-
lated with

pP
all cells(ın/n0 – 1)2/N where N is the number of

density values in the simulation.

[34] The higher level of heating in the 3-D simulations has
two important effects. First, it reduces turning of the primary
waves caused by the thermal instability. Second, it increases
the diffusion rate and acoustic speed Cs, which reduces the
instability driver’s strength and also the saturation level of
the wave density perturbations as seen below.

[35] The perturbed density, hın2i, evolution of these
simulations tells a similar but not identical story to the
field evolution. Figure 4 shows this evolution. As in
the electric field evolution plots, the growth rates show

that 3-D grows more rapidly than 2-D. Also, the satu-
ration amplitude in 3-D exceeds that in 2-D, although
not by a large amount. The cause for this is discussed
in section 5.

4.1.1. Temperature Comparisons
[36] As predicted, 3-D Farley-Buneman turbulence heats

the electron population dramatically more than 2-D.
Figure 5 shows this difference by comparing the moments
of the distribution functions in Kelvin. The 2-D electron
moment settle at about 1600 K due to a combination of adi-
abatic wave compression and perpendicular heating, while
in 3-D they converge to approximately 2400 K. This 50%
increase results from heating by components of the wave-
generated electric field parallel to the EB0, ıEk.

[37] The exact amount of heating depends on the parame-
ters chosen. At higher altitudes in the electrojet, the collision
rates drop, and the heating increases. Reducing the simula-
tion collision rate by 2 for both electrons and ions shows a
dramatic increase in the temperatures. This corresponds to
moving up in altitude about 5.5 km assuming a Tn = 350 K.
Figure 6 compares the elevated electron temperatures for a
range of collision rates and electric fields.

[38] A series of simulations in which only the length
along EB0 changed shows that the exact kk substantially
affects the heating. The B1 simulation was run for three
cases where only the parallel length changed from 100 m
to 200 m to 400 m. In the first case, the electron moment
reached 2100 K, and in the second it reached 2500 K. The
400 m case was such a large simulation that analyzing it
proved difficult. However, the temperature was only a few

Figure 5. Moments of the electron and ion distributions in 2-D and 3-D from run B1. The moments are
calculated by summing (Ev – Ev0)2 over all particles. The lines labeled x, y, or z indicate the component of
the velocity summed. Note that in 3-D Ox is parallel to EB0), while in 2-D Oz is parallel to EB0. For both 2-D
and 3-D, EE0 points in the Oy direction.
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OPPENHEIM AND DIMANT: 3-D FARLEY-BUNEMAN SIMULATIONS

Figure 6. Average electron velocity moments calculated
for both 3-D and their comparable 2-D simulations. The 2-D
simulations are run for far longer than the 3-D.

percent higher than in the 200 m case. This implies that
the heating results from the dynamics of the highly oblique
modes, and when the simulation artificially precludes those
modes the heating diminishes. Note that these simulations
were performed with twice the electron mass of the base-
line case, and the �i / v2 � T collision algorithm was used
instead of the �i / v � vth one. We assume that a similar
scaling occurs for the baseline runs.

4.1.2. Field Comparisons
[39] In order to fully understand the AEH, one needs to

know the magnitude of the wave-driven parallel electric
fields, Ek. The strength of hE2

k
i compared to the total hE2i

reflects the amount of electric field energy in oblique modes
and the dominant aspect angle of the system. Figure 7 shows
the evolution of this quantity. Initially, E2

k
is 1/3 of E2 reflect-

ing isotropic noise. As the waves develop, this ratio drops to
around 0.045, where it remains relatively constant.

Figure 7. RMS Ek compared with the total RMS E for
each time step of the simulation. The top line shows this
ratio for unfiltered fields, while the lower lines show it after
filtering all parallel modes less than � 9 m and � 18 m,
respectively.

[40] This parallel electric field far exceeds what one
expects, given the level of electron heating. A total RMSq
hE2
k
i exceeding 20% of the perpendicular RMS field

would drive heating electron heating far more heating than
necessary to reach 2400 degrees in Figure 5. However, a
simple inspection of Ek shows that the parallel field com-
ponents resulting from the waves only slightly exceeds the
noise created by fluctuations of the quasi-random motions
of the discrete PIC particles. Hence,

q
hE2
k
i is dominated by

high-frequency noise-generated parallel fields.
[41] Only low-frequency waves drive heating, so we

would like to eliminate all high-frequency modes from our
calculation of E2

k
. However, the simulator only samples

the output every 128 time steps to avoid the generation of
terabytes of data. Hence, we filtered hE2

k
i only spatially,

eliminating parallel waves less than � 9 m or � 18 m.
Unfortunately, this fails to eliminate all high-frequency
noise because some aliases into lower frequencies. Fortu-
nately, the fluctuation-dissipation noise is isotropic through
(Ek,!) space, while the FB-generated parallel fields are pre-
dominantly low frequency and long wavelengths. When
we filter out all parallel modes less than 9 m long, E2

k
to

E2 ratio drops by a factor of 5, making the RMS Ek less
than 10% of E. Even with these filters, this ratio remains
elevated because additional, long-wavelength, parallel field
noise influences this ratio.
4.2. Pedersen Drift Rates

[42] The simulations show the effects of turbulence on
the Pedersen currents. The ion drifts, parallel to EE0, change
only a little in the turbulent system, largely due to ion heat-
ing modifying the collision rates. The electron Pedersen drift
rates, however, change hugely due to the mechanism dis-
cussed in the introduction and, in fact, exceed the ion drifts.
Figure 8 shows the electron and ion drifts from the baseline
simulations.

[43] In all cases, the drifts grow with the turbulence, over-
shoot, and then appear to head toward an equilibrium. The

Figure 8. The ion and electron speeds parallel to EE0 from
three baseline runs are compared: 3-D, 2-D (labeled “2D
512”), and the larger 2048 � 2048 2-D (labeled “2D 2048”).
The electrons flow in the opposite direction from the ions.
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OPPENHEIM AND DIMANT: 3-D FARLEY-BUNEMAN SIMULATIONS

“2D 512” run does not settle within the allotted simulation
time, but the “2D 2048” one does. Ideally, we could have run
these longer to obtain greater stability, but given the cost of
these runs, this was not done. Nevertheless, after the initial
overshoot, three interesting features are clear. The anoma-
lous electron drift rate exceeds the ion drift rate by � 85%
in 3-D and � 60% in 2-D. Also, the 3-D electron drift rate
exceeds the 2-D one by about 1/3, a clear difference.

4.3. Spectra
[44] The density spectra reveal phase velocities, differ-

ences between 3-D and 2-D, changes in the FB turbulence
as it evolves from the linear growth stage to saturation, and
what radars would observe if they measured this type of
turbulence. These spectra were generated from the baseline
simulations in 2-D and 3-D.

[45] As the system evolves from linearly growing waves
to nonlinearly saturated ones, the dominant wavelengths
evolve from shorter to longer, and the spectra become more
isotropic. Spectra of E2(Ek, t), shown in Figure 9, reveal that,
perpendicular to EB, the initial FB waves grow at limited
range of wavelengths with a peak at roughly 3 m. As the
system saturates, the dominant modes move to longer wave-
length, ranging from 5 m all the way to almost the longest
perpendicular size allowed in the system, 50 m. The spec-
tra in the (x k EB0, z k EE0�EB0) plane shows that initially the
waves develop along a line oriented 2.3°off EB0 with limited
spectral width. As the simulation evolves, the spectrum fills
in the kk modes, and the dominant mode moves to longer
wavelengths. It also shows relatively little continuing energy
at 3 m.

[46] The !–k spectra from 3-D simulations show that sat-
urated FB waves have a considerably slower phase velocity
than do the 2-D ones despite the elevated 3-D temperatures.
Figure 10 shows 3 m and 6 m waves from the saturated sec-
ond half of each simulation. In 3-D, it shows only the kk
component. Both simulations show that the phase velocity
has a cosine-like dependence with respect to the flow angle.
However, the phase velocity of the 3-D simulations show
a substantially lower peak velocity than do the 2-D ones,
roughly 1300 m/s versus 1800 m/s at both 3 m and 6 m.

[47] These spectra also show that the peak spectral power
occurs for modes aligned just off perpendicular to EB0 and
falls off for larger ‚ (Figure 11). For ‚ � 90ı, the majority
of the energy flows in the direction of EE0�EB0 (adjusted for the
thermal turning effect). As‚ decreases, the energy becomes
more isotropic.

5. Discussion
[48] The principal objective of this paper is to present

3-D kinetic simulations of the FB instability, show how this
causes anomalous electron heating, and discuss how this
relates to theoretical models and observational data show-
ing this heating. Section 4 has shown many aspects of the
saturated simulations. The following subsection will discuss
the saturated state of the simulated turbulence. Using that
result, the next subsection will compare the electron heating
observed in the simulations to the heating relatively simple
models predict. The last subsection compares the simula-
tions results with predictions of an analytic fluid model.

Figure 9. Two snapshots of E2(kx, 0, kz, t) from the B2 sim-
ulation. This shows only the (x k EB0, z k EE0� EB0)) plane
and for ky = 0. Note that the kx axis goes from –0.2 to 0.2.
The maximum spectral energy in the right image increases
by a factor of nearly 500 over that in the left one, and the
colors scale 2 orders of magnitude in amplitude in a log
scale. The line on the left image traces the maximum power
lies 2.3 degrees off vertical.

5.1. Analysis of Saturate State
[49] The saturated turbulent electric field in all the simu-

lations (see Figure 1) exceeds the value one would predict
theoretically or observationally; see discussion in Dimant
and Milikh [2003]; Bahcivan and Cosgrove [2010]; Dimant
and Oppenheim [2011b]. The high value of the simulated
hıEE2i1/2/E0 might result from a number of causes: (1) the
artificially elevated electron mass used in the simulations
causes a nonphysical field; (2) the necessarily finite size of
the simulation traps wave energy artificially, elevating the
fields; (3) the ion collision model cools the ions somewhat
more than in nature; and (4) saturation actually requires a
high turbulent field. As discussed below, the evidence points
to causes (2) and (3).

[50] The artificial electron mass does not appear to have
a major effect on the saturated amplitude of the system.
A series of 2-D test runs shows only modest changes in
hıEE2i unless msim

e /me & 44. For the baseline 2-D, case
hıEE2i1/2 = 0.165 for msim

e = 44me. We also ran many cases
with msim

e = 88me, and this gave hıEE2i1/2 = 0.22. A further
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OPPENHEIM AND DIMANT: 3-D FARLEY-BUNEMAN SIMULATIONS

Figure 10. Spectra of 3 m and 6 m waves perpendicular to EB0 from 3-D and 2-D simulations for the B2
simulations with double the collision rate and E0 = 140 mV/m. Generated by taking the second half of the
ni(x, y, t) time sequences from both the 3-D and the 2048 � 2048 2-D simulations, multiplying each time
sequence with Hanning window, h(t), and then performing a FFT on ni(x, y, t)*h(t). Linearly interpolating
within this data cube to extract all 3 m and 6 m waves and dividing ! by k allows the production of
the images. The 2-D simulation has 4 times higher resolution in each perpendicular direction. The black
lines show the moment of the distribution which, unfortunately, was affected by aliasing from low phase
velocity to high.

test dropped the electron mass by a factor of 4 below the
baseline case and gave only a few percent reduction. Hence,
we decided the msim

e = 44me was an acceptable compromise
between simulation efficiency and accuracy. Unless a funda-
mental change occurs when the artificial mass drops below

msim
e = 11me, it appears that the chosen msim

e is not the cause
of the high saturated field values.

[51] The simulations clearly show that waves both cas-
cade from the linearly unstable domain to shorter wave-
lengths and inversely cascade to longer wavelengths. While

Figure 11. Spectra of 3 m waves at a range of aspect angles ‚ from the 3-D B2 simulation. Generated
by taking the second half of the ni(x, y, t) time sequences from the 3-D, multiplying each time sequence
with hanning window, h(t), and then performing a FFT on ni(x, y, t)*h(t). Linearly interpolating within
this data cube to extract all 3 m waves and dividing ! by k allows the production of the images. The black
lines show the moment of the distribution which, unfortunately, was affected by aliasing from low phase
velocity to high.
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OPPENHEIM AND DIMANT: 3-D FARLEY-BUNEMAN SIMULATIONS

the simulation models the cascade to shorter wave quite
well, the finite box size limits the inverse cascade toward the
long-wavelength band. This cascade represents a significant
energy flow toward long wavelengths with the spectral-
energy maximum reached near the longest wavelengths, ƒ,
allowed by the simulation box size, ƒ ' Lx,y = L?. Both
our earlier 2-D simulations [Oppenheim et al., 2008] and
the current 2-D and 3-D simulations clearly demonstrate
this. Also, periodic boundary conditions necessarily restrict
wavelengths to discrete modes and completely inhibit waves
withƒ >

p
2L?. This inhibition cuts off the inverse cascade

at the smallest kx,y = 2� /L?. Unlike the short-wavelength
Landau damping, this cutoff includes no wave-energy dis-
sipation and should reflect waves in the Ek-space. This leads
to the accumulation of the turbulent energy at long wave-
lengths and may produce larger than expected hıEE2i.

[52] To gain a further insight into this issue, we increased
the box size L?. The resulting saturated values of hıE2

?
i

remained at similar levels as in the smaller run, as seen in
Figure 1. A close look shows the evolution of hE2

?
i1/2 for

both the large and small 2-D runs reaching a maximum of
0.21 mV/m, then dropping over� 50 ms to 0.17 mV/m. The
smaller run then shows a highly variable hE2

?
i1/2, while the

larger one shows a slow but consistent drop in this value to
0.16 mV/m. This drop may occur as energy pushes to longer
wavelengths.

[53] A system where the amplitude of the longest wave-
lengths continually grows creates an almost intractable
problem for simulations. In the FB case, since satura-
tion occurs through coupling to other waves and at the
longest wavelengths the simulator may exclude these “other
waves,” anomalous behaviors may occur. That may lead
to excessive fields and heating. However, by showing that
the simulations remain largely unchanged as their size
increases, we argue that the essential physics at the shorter
wavelengths is approximately correct.

[54] As discussed above, the �i / vi ion collision
model used does not perfectly match the actual behavior.
The ions probably heat more than in our runs, although
not as much as in a system which applies a Maxwell-
molecule collision model for ions. A 2-D run using a
constant �i shows increased ion heating, reaching almost
2000 K and hugely non-Maxwellian distribution functions.
This increases diffusion and suppresses the instability so that
the saturated electric field exceeds the driving field only by
about 20%. Due to the cost of the run, no 3-D version of this
simulation was done, although we expect a similar reduction
in saturated field and increase in ion temperature.

[55] The third possible explanation for the high turbu-
lent electric fields is that they are necessary to saturate
the FB system when all other mechanisms are excluded.
In the electrojet, inhomogeneities in the plasma densities
and conductivities on the kilometer scale size also will
play a role in saturating the instability. Plus, the turbulently
enhanced conductivities will work to short out the driving
electric fields. All these effects would play a role in the
natural system.

5.2. Temperature Analysis
[56] This section compares the plasma temperatures pre-

dicted by the simulations with a simple two-fluid model

described in the appendix. Although pressure gradients
and inertia excite the FB instability, this analysis gives
an approximate quantitative understanding of temperature
without them.

[57] Before analyzing our simulations quantitatively, we
will discuss the general kinetic behavior of the plasma.
When light electrons collide with heavy neutrals, they scat-
ter over all angles in velocity space much faster than they
change their kinetic energy. As a result, the electron velocity
distribution, fe(Eve), remains close to isotropic in the neu-
tral frame. This means that a strong parallel electric field,
instead of accelerating electrons in the EB-direction, heats
them uniformly in all directions. Due to the velocity depen-
dence of the kinetic collision frequency, this heating will
also result in deviations from the Maxwellian velocity dis-
tribution [Milikh and Dimant, 2003]. Despite this, charac-
terizing the electron population with a temperature defined
by Te � (me/3)

R
fev2

ed3ve/
R

fed3ve remains adequate. Its
averaged value, hTei, is given by equation (A3).

[58] Unlike for electrons, the ion drift velocity is not small
compared to the ion thermal speed. Since the magnitude of
the imposed E-field in our study exceeds the FB instability
threshold, one might expect almost the entire ion population
to be shifted in the neutral frame by the suprathermal speed,
vi � eE0/(mi�i). This does not happen because, accord-
ing to (A5), the same field EE0 heats the ions, maintaining a
subsonic drift speed. Ultimately, the ions develop a highly
anisotropic and nonthermal distribution function fi(Evi) which
we will not analyze here.

[59] Simple heating arguments explain the elevated per-
pendicular ion temperatures seen in Figure 5. Given an E0 =
105 mV/m field in the Oy direction, equations (A3)–(A5) with
hE2
?
i = E2

0 and hE2
k
i = 0 predict that Ti ' 3T0 = 900 K.

However, the ion temperatures observed in all runs were
noticeably larger. This means that turbulent fields in the per-
pendicular to EB direction, ıEE?, added additional anomalous
heating. This might be expected because in these simula-
tions the RMS turbulent field hıEE2

?
i1/2 always exceeded

the driving field. Inserting the observed total average fields
into (A3) and (A4) gives much better agreement with the
observed temperatures.

[60] In the 3-D runs, the largest ion temperatures were
reached in the directions perpendicular to EB, while along
EB the temperature remains much colder. The small paral-
lel field EEk does not substantially heat the ions, while the
perpendicular fields, EE0 and ıEE will heat the ions in the per-
pendicular direction. Angular scattering of the ions will then
transfer energy from perpendicular to parallel but not rapidly
enough to generate isotropic ion temperatures. The cause of
the temperature difference in the two perpendicular direc-
tions is less obvious, although it most likely results from
heating by the turbulent field, hıEE2i1/2, which exceeds the
driving field E0 by a factor of 1.5–2.5 and points mostly in
the EE � EB direction.

[61] To estimate the expected levels of plasma heat-
ing, we will disregard such complications as anisotropic
and non-Maxwellian velocity distributions. Considering a
homogeneous ionosphere with the total field EE = EE0 +ıEE sat-
urated at a given average level of hE2i = E2

0 + hıEE2i, we will
estimate average isotropic effective plasma temperatures,
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OPPENHEIM AND DIMANT: 3-D FARLEY-BUNEMAN SIMULATIONS

hTe,ii � (me,i/3)
R

fe,i(Eve,i – EVe,i)2d 3ve,i/
R

fe,id 3ve,i, using the
fluid equations (A3)–(A5).

[62] As an example, we analyze “high-altitude” runs with
the parameters described in Table 1. For these runs, we have
�e0 � 300 s–1, �i0 � 320 s–1, �e0 � 670, �i0 � 0.5,
‰?0 � 3 � 10–3, and the characteristic aspect angle of FB
turbulence (see below)‚0 � 2.7�10–2 � 1.6ı. The value of
the undisturbed‰?0 in the high-latitude ionosphere roughly
corresponds to the 112 km altitude [Dimant and Oppenheim,
2004, Figure 2]. Combining these parameters with an elec-
tric field of E0 = 105 mV/m means that equations (A3)–(A5)
with hE2

?
i = E2

0 and hE2
k
i = 0 predicts modest temperature

elevations of Te ' 1.35T0 = 400 K and Ti ' 3T0 = 900 K.
However, the steady state temperatures observed even in the
2-D runs were noticeably larger, as seen in Figure 5, due to
anomalous heating.

[63] To estimate the turbulent temperatures, one must
account for the temperature dependencies of the collision
frequencies, �e / hTei and �i / (hTii + T0)1/2. Taking
the temperatures directly from simulations (Figure 1),
hTei � 2000 K and hTii � 1300 K, one obtains �e �
2000 s–1, �i � 520s–1, ‰? � 3.24 � 10–2, and ‚0 �
[me�e/(mi�i)]1/2 � 5.5 � 10–2 � 3.2ı. The highly elevated
value of the “heated” ‰? ' 10‰?0 effectively lowers the
altitude roughly by 8 km. This increases the FB thresh-
old field [Dimant and Milikh, 2003, equations (14)–(15)] to
EThr ' 60 mV/m. If nonlinearly saturated turbulence devel-
oped according to the model by Dimant and Milikh [2003],
then we would expect hıE2

?
i = ˛1(45 mV/m)2, where ˛1

[Dimant and Milikh, 2003, equation (25)] is a factor of order
unity. In Dimant and Milikh [2003], this factor was ten-
tatively set ˛1 = 1, but direct comparison with our 3-D
simulation shown in Figure 1 yields a much higher value of
˛1 ' 10. The 2-D simulation gives an even larger ˛1 ' 15.
At this moment, we just have to accept this disagreement.

[64] Analyzing the turbulent state further requires esti-
mates of the mean particle drifts and how they would be
affected by the full heating. In the undisturbed and ini-
tially cold ionosphere, one expects an electron Hall speed of
VeH � Vdr = 2.1 km/s and a Pedersen speed or VeP � 3 m/s,
although this is poorly resolved. Equation (A2) predicts lam-
inar ion speeds of ViH � 420 m/s and ViP � 840 m/s. In
the fully heated ionosphere, VeH and VeP should stay essen-
tially the same while the drifts drop to ViH � 180 m/s and
VeP � 590 m/s.

[65] Equation (A3) predicts the saturated temperatures
assuming an average turbulent electric field amplitude.
Applying the values of

q
hE2
?
i � 0.15 from Figure 1,

h
p

(E2
k
i/hE2
?
i) � 0.02 from the filtered (> 18 m) values

in Figure 7, and the Emin = 20 mV/m, one obtains hTei �
1500 K. Using the (> 9 m) fitted value of h

p
(E2
k
i/hE2
?
i) �

0.0275 gives a hTei � 2200 K. The simulation results shown
in Figure 6 agree with these values to reasonable accuracy.

5.3. Conductances
[66] Turbulence modifies the conductance of the electro-

jet with important consequences for the Magnetosphere-
Ionosphere (MI) system [Dimant and Oppenheim, 2011a,
2011b]. Two mechanisms increase the conductance. First,
electron heating reduces the recombination rate which
increases the plasma density, increasing the conductivity.

This slow process was not modeled in these simulations.
Second, the FB instability drives nonlinear electron cur-
rents, principally along EE0 [Oppenheim, 1997; Dimant and
Oppenheim, 2011a]. In our simulations, hEVePi � hıneıEVePi/
hnei reached hundreds of meters per second, orders of mag-
nitude larger than “ heated laminar” EVeP. This contributes
substantially to the total Pedersen conductance of the high-
latitude ionosphere. The 3-D simulations show a Pedersen
current increased by a factor of around 2.8, carried by the
electron nonlinear current.

6. Conclusions
[67] The simulations presented in this paper are the first

3-D simulations of the FB instability and show many fea-
tures observed in the natural ionosphere. In addition to what
2-D turbulence simulations show, these 3-D runs develop
small parallel E-fields that heat the electrons. These drive
AEH at a level sufficient to explain the auroral heating
shown in Foster and Erickson [2000]. They also exhibit
spectral features compatible with observations. The impor-
tance of this study may arise principally from the anomalous
conductivity that this turbulence generates, both from the
nonlinear transport (or NC) and from the recombination
driven by the AEH.

Appendix A: Drift and Temperature Estimates
[68] This Appendix provides simplest two-fluid expres-

sions for the mean particle drift velocities and steady state
average plasma temperatures in the highly collisional E
region plasma (�e � �e/�e � 1, �i � �i/�i . 1).
Section 5 compares the simulation results to these simple
estimates and discusses possible causes of the differences.
In all the equations below, we presume a total electric field,
EE = EE0 + ıEE, where EE0 is the DC driving field and ıEE is a
given turbulent field—not necessarily small.

[69] When particle inertia and pressure gradients are
neglected, the mean fluid velocity of magnetized electrons
(�e � �e) is

EVe = EVeH + EVeP + EVek �
eEE � Ob
me�e

–
eEE?�e

me�2
e

–
eEEk
me�e

, (A1)

where Ob � EB/B and the subscripts ?, k refer to the vec-
tor components perpendicular and parallel to EB, respectively.
The first (Hall) term in the RHS of (A1) is the EE � EB drift
velocity, EVdr = EE � EB/B2, written in an alternative form for
easier comparison with the other terms. The second term,
EVeP k EE? with VeP � |EVeP| = Vdr/�e (Vdr � E/B), describes
the much slower Pedersen drift. The third term describes
the parallel velocity, EVek k EB. In FB turbulence, the parallel
field EEk is always small, |EEk| � |EE?|, but the high electron
mobility along EB can give rise to significant EVek.

[70] The mean fluid velocity of partially unmagnetized
ions is given by [e.g., Dimant and Oppenheim, 2004,
equation (8)]
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OPPENHEIM AND DIMANT: 3-D FARLEY-BUNEMAN SIMULATIONS

EVi = EViP + EViH + EVik =

 
eEE

mi�i
+ �2

i EVdr

!,�
1 + �2

i
�

. (A2)

Here the term parallel to EE describes the ion Pedersen drift,
ViP � |ViP| = �iVdr/

�
1 + �2

i
�
, appended by a relatively small

EVik. For �i � 1, the latter is described by EEk included in EE.
We extrapolate this to larger �i . 1 because for |EEk|� |EE?|
slightly different ion responses to EEk and EE? are inconse-
quential. The term parallel to EVdr (i.e., ? EE?) describes the
ion Hall drift with |ViH| = �iViP.

[71] To calculate spatially temporally averaged electron
and ion temperatures, hTe,ii, the simplest model balances
the average frictional heating, ms�shV2

s i, against collisional
cooling, (3/2)ısn�s(T0 – hTsi), where ıin = 1 for ions and
ıen � 1 is the mean fraction of energy lost during one
inelastic e-n collision [Gurevich, 1978; Schunk and Nagy,
2009]. For the following estimates, we presume that, in the
absence of an electric field, all particles have a common cold
temperature, T0 = Tn (in our simulations, T0 = 300 K).

[72] In our simulations, we mimic inelastic losses of elec-
tron energy by using an elastic collision model with an
artificially reduced neutral mass mn = msim

n:e . This changes the
elastic ıen = 2me/mn into ısim

en = 2msim
e /msim

n:e yielding

hTei =

"
1 +

2
3

�
msim

n:e
mi

�
hE2
?
i + �2

e hE2
k
i

E2
min

#
T0, (A3)

where Emin = (2T0/mi)1/2B � 20 mV/m is the absolute
minimum of the FB threshold field and in our simulations
msim

n:e /mi = 0.02. In either the laminar or turbulent E region,
we always have hE2

k
i � hE2

?
i, but due to the large mul-

tiplier �2
e , even small hE2

k
i can lead to significant electron

heating.
[73] The steady state ion temperature, hTii, is [Dimant

and Milikh, 2003, equation (35)]

hTii =
�

1 +
2
3

�
�2

i

1 + �2
i

�
hE2i

E2
min

�
T0. (A4)

Since in most of our simulations the EPPIC collisional
algorithm mimicked hard-sphere i-n collisions with �i /
(Ti + T0)1/2, the magnetization parameter �i = �i/�i is tem-
perature dependent: �i = [2T0/(hTii + T0)]–1/2�i0, where �i0
is the cold-plasma value of �i. For this �i(hTii), the implicit
relation (A4) reduces to a quadratic equation for hTii with
the unique positive solution:

hTii =

(��
1 + �2

i0
�2 +

4�2
i0

3
hE2i

E2
min

�1/2

– �2
i0

)
T0. (A5)

For �2
i0hE2i/E2

min � 1, equation (A5) reduces to (A4) with
constant �i = �i0. In the opposite limit of �2

i0hE2i/E2
min � 1,

the ion temperature grows linearly with the RMS field,
hTii � 1.15�i0hE2i1/2T0/Emin.
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